1.1 - What is Physics?

Monday, March 13, 2017 9:04 AM

Matter

e Matter - anything that has mass and takes up space
e Mass - the amount of "stuff" making up an object
o Stars
o Electrons
o Neil Diamond
« Inertial Mass
o How hard it is to accelerate an object
« Gravitational Mass

o How large a gravitational force an object experiences

Energy

« Energy - The ability or capacity to do work

» Work - the process of moving an object

Mass-Energy Equivalence

e In the early 20th century, Albert Einstein formalized a relationship between mass

and energy

e The mass of an object, a key characteristic of matter, is really a measure of its

energy

e The source of all energy on Earth is the conversion of mass into energy

Physics C Mechanics Page 1



1.2 - Math Review

Monday, March 13, 2017 9:05 AM

Cross Product

» Cross (vector) product of two vectors gives you a vector perpendicular
to both whose magnitude is equal to the area of a parallelogram
defined by the two initial vectors

o
AC

X

 Positive direction of the cross product is given by the right-hand rule

*axb

» Cross product of parallel vectors is zero.

Calculating the Cross Product
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Cross Product Properties

Jx§| = ABsin@

j ok
A, A,
B,

B,
— A,B

) )i+ (4B — AxB,)] + (AxBy — A,B, )k

e AxB=-FExA4
e Ax(B+C)=ixB+ixc
. c(ﬁxﬁ)z(cﬁ)xﬁzﬁx(c
d (A’xﬁ)—d#x§+ P2
dt dt
Unites
S.No) Fundamental Quantities Fundamental Units| Symbol
1. |Length metre m
2. [Mass kilogram kg
3. Time second 8
4. | Temperature kelvin kg
5 Electric current ampere A
t Luminous intensity candela cd
7 Amount of substance mole mol
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2.1 - Describing Motion |

Monday, March 13, 2017 9:06 AM

Position / Displacement

e An object's position is its location at a given point in time

The vector from the origin of the coordinate system to the object's position is
known as the position vector, ¥

« As an object moves, its position changes. This change in position is called
displacement, A¥

 Position and displacement are both vectors

« In one dimension, position is given by the x-coordinate, and displacement by AX

Average Speed

« Average speed is the distance traveled divided by the time interval

_ X
o UV =—
t

» Average speed is a scalar, and is measured in meters/second

Average Velocity

 Velocity is the rate at which position changes.

» Average velocity is the displacement during a time interval divided by the time
interval

« Average velocity is a vector, and is also measured in meter/second

Acceleration

» Acceleration is the rate at which velocity changes

Av

. a:m-

e Acceleration is a vector

e Units are m/s?

The Position Vector
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Instantaneous Velocity

» Average velocity observed over an infinitely small time interval provides instantons
velocity

 Instantaneous velocity is the derivative of position with respect to time

x(m)

N W A U O N 0 WO

B S e e S S B e m e e e s e ey
1 2 3 4 5 6 7 8 9

e Area under the velocity-time graph is the displacement during that time interval
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Acceleration

» Acceleration is the rate at which velocity changes
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2.2 - Describing Motion |l

Monday, March 13, 2017 9:06 AM

Special Case: Constant Acceleration

» For cases of constant acceleration, we can derive a set of "kinematic equations”

that will allow us to solve for unknown quantities

v=v, +at no Ax
Ax=vI+tat’ no v
Vi =v +2aAx no ¢
Ax:ﬁ‘:%(wrvg)t no a

Ax =vi —Ltat’ no v

Deriving the Kinematic Equations

0
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V:Voﬂ"
AX= Avea= .Lbl\ ¥he = -'-é[v-%)#—% Frerry o

Axs{{:(ot) +Vet = [x=ut+ Lot |@

f 2xz L (V-vo) Vot = Lut ~4vit Fust =
: -
v ' Ax = LvEr {vet = %x V..v./7(7_ g-;.. ’

=Votw€
' v —? 74"3\/‘&—& B é V_,v. )

| ! oxs w.)(u-vo) =>

..\I.

axz= Y 5=

to = 2adx 37[ Ui+Zadx |

Free Fall

» When the only force acting on an object is the force of gravity, we refer to object's
motion as free fall

» This includes objects that have a non-zero initial velocity

Air Resistance

 If we drop a ball and a sheet of paper, it is obvious they don't fall at the same rate

« |If we could remove all the air from the room, however, we would find that they fall
at the same rate

» We will analyze the motion of objects by neglecting air resistance (a form of
friction) for the time being

Acceleration Due to Gravity
» Near the surface of Earth, objects accelerate downward at a rate of 9.8m/s?
» We call this acceleration the acceleration due to gravity (g)

» More accurately, g is referred to as the gravitational field strength

» As you move further away from Earth, g decreases
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2.3 - Projectile Motion

Monday, March 13, 2017 9:50 AM

What Is a Projectile
» A projectile is an object that is in acted upon only by gravity
 In reality, air resistance plays a role

» Typically, projectiles are objects launched at an angle

Path of a Projectile

» Projectiles launched at an angle move in parabolic arcs

w .

Rmﬂge
Independence of Motion
» Projectiles launched at an angle have motion in two dimensions
o Vertical - like free fall

o Horizontal - 0 acceleration

» Vertical motion and horizontal motion can be treated separately!

Angled Projectiles

» For objects launched at an angle, you must first break up the object's initial velocity

into x and y components of initial velocity

e Then, use these components of initial velocity in your horizontal and vertical
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motion tables

» An object will travel the maximum horizontal distance with a launch angle of 45°

Jo bb,'“—'- Vosin@

N
%F':uﬂﬂle < Eu" ______%

Graphing Projectile Motion

» Track vector components as a function of time

¢ Solve for time in the horizontal, and use that to eliminate time in the vertical

equation
Horz: AX Vert - 5—‘-'-
MVRETEGS sgavpakot’ =

Jy:l/,,eu;‘t *"Jz'a',é'/:-}. —

4 x o)

Pgra[:?ﬂ/#
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2.4 - Circular & Relative Motion

Monday, March 13, 2017 9:58 AM

Radians and Degrees

In degrees, once around a circle is 360°

In radians, once around a circle is 21

A radian measures a distance around an arc equal to the length of the arc's radius

As =C = Znr

Linear vs. Angular Displacement

Linear position / displacement given by Ar or As

Angular position / displacement given by A©
e s =10

As =rA6

Linear vs. Angular Velocity
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Linear speed / velocity given by v

Angular speed / velocity given by W
_ds
T dt
_dé
T dt

[ ]
<N

gl

Direction of Angular Velocity

L=Iw w. L
o
@i‘ﬁ'ﬂ'“’" of rntatly & Right hand
T Direction of rotation
(a) (b)

Converting Linear to Angular Velocity
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Linear vs. Angular Acceleration

Linear acceleration is given by d

Angular acceleration is given by a
dv
dt
da
dt

[
Qu
I

A
]

Centripetal Acceleration
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* Express position vector in terms
. of unit VECLOTS. /py; reos®
r(&)=x@)T ¥ 9] ﬁg
J1e) veos®T +rsind] N-ECLON
Fle):reo s{wt) T+ rsin 235
Y R

VE = wrsin Crf:)? + w‘l'f-ﬂif”{').? ='>n

a:%:%(—w:idwﬁ)‘?*m“’s f“"t)-s)

-1
a:c - cos Cuf)? -w""r sin (w'l.'.')j =>

- - 7 yrsinlat)] =7
oh -w"‘(rcas(wt); +rsmlwt)) ) Mr
u:-Ur T Z
dS—Wt\"‘ Ia}:,wlr _...-:4)[0}2.%‘-';# ‘:....‘_}F:

U-‘-;;

Reference Frames

¢ A reference frame describes the motion of an observer
o Most common reference frame is Earth

» Laws of physics we study in this course assume we're in an inertial, non-

accelerating reference frame
» There is no way to distinguish between motion at rest and motion at a constant

velocity in an inertial reference frame

Calculating Relative Velocities

» Consider two objects, A and B.

» Calculating the velocity of A with respect of reference frame B (and vice versa) is
straightforward

» Example:
o Speed of car with respect to the ground
o Walking on a train, speed of a person with respect to the train

® VA withrespectto C = VA with respect to B T VB with respect to C

Linear vs. Angular
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Rotational Motion Linear Motion

(& = constant) (@ = constant)
W= w,+ V=YV, t+al
I 1
6 =—(w, + W)t x=—(v, +V)t
2 2
| |
6 =ap+—at’ xX=vyt+—at’
2 2
@ = +2000 v =v, +2ax
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3.1 - Newton's First Law & Free Body Diagrams

Monday, March 13, 2017 10:15 AM

Newton's First Law of Motion

« An object at rest will remain at rest, and an object in motion will
remain in motion, at constant velocity and in a straight line, un line
acted upon by a net force

» An object will continue in its current state of motion unless an
unbalanced force acts upon it

« An object at rest will remain at rest unless an unbalanced force acts
upon them

e Also known as the law of inertia

Force

e A forceis a push or pull on an object

e Unites of force are newtons (N)

km x m
. 1N=1_?2__

Contact Force Field Force

Tension Gravity
Applied Force Electrical Force
Friction Magnetic Force

Net Force

e A net force is the vector sum of all the forces acting on an object

 |f all forces are balanced, there is no net force. This situation is known
as translational equilibrium

e An unbalanced force is a net force
Equilibrium
« Static Equilibrium
o Net force on an object is 0

o Net torque on an object is 0
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o Object is at rest
e Mechanical Equilibrium
o Net force on an object is 0
o Net torque on an object is 0
 Translational Equilibrium

o Net force on an object is 0

Inertia

« Inertia is the tendency of an object to resist a change in velocity
« Mass actually has two aspects
o Inertial mass is how hard it is to change an object's velocity

o Gravitational mass is how strongly a gravitational field affects a

mass

« For the purposes of basic introductory physics, mass and inertia are
synonymous

Free Body Diagrams
e Tools used to analyze physical situations
« Show all the force acting on a single object
e Object itself drawn as a dot or rectangle

TFnDrm

Ffrict — ]
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3.2 - Newton's Second & Third Laws of Motion

Monday, March 13, 2017 10:53 AM

Newton's Second Law of Motion

« The acceleration of an object is in the direction of and directly
proportional to the net force applied, and inversely proportional to
the object's mass

 Valid only in inertial reference frames.

. ﬁnet:Zﬁ:ma

Mass vs. Weight

e Mass is the amount of "stuff" something is made up of.
It remains constant
« Weight (mg) is the force of gravity on an object

o Weight varies with gravitational field strength (g)

Newton's Third Law of Motion

 All forces come in pairs. If Object 1 exerts a force on Object 2, then
the Object 2 must exert a force back on Object 1, which is equal in
magnitude and opposite in direction

* Fion2="Faon1
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3.3 - Friction

Monday, March 13, 2017 11:02 AM

Coefficient of Friction

Approximate Coefficients of Friction
Kinetic  Stahie

Rubber on conerete -LtI1j.‘1 (.65 (b5

HRubber on concrete (wet) 0.55

Rubber on asphalt (dry) 0.67 .55

Rubber on asphalt (wet) (0.53

Bubber on ice 0.15

Waxed ski on snow 0.05 0.14

Wood on wood (3,30 0.42

Steel on steel 057 0.74

Copper on stee] 0.36 0.53

Tellon on Teflon 0.04

» Ratio of the frictional force and the normal force provides the coefficient of friction

Kinetic or Static
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Sled sliding down a snowy hill  Kjuekic
Refrigerator at rest that you want to move shhe
Car with tires rolling freely? stk

Car skidding across pavement? Kiwhe:

Calculating the Force of Friction

» The force of friction depends only upon the nature of the surface in contact (u) and magnitude

of the normal force Fn

» Combine with Newton's Second Las and FBDs to solve more involved problems

2007 Free Response Question 1

m

Mech. 1.

A block of mass m is pulled along a rough horizontal surface by a constant applied force of magnitude F, that acts at
an angle @ to the horizontal, as indicated above. The acceleration of the block is a,. Express all algebraic answers

in terms of m, F, 6, a,, and fundamental constants.

(a) On the figure below, draw and label a free-body diagram showing all the forces on the block.

[]

(b) Derive an expression for the normal force exerted by the surface on the block.

(c) Derive an expression for the coefficient of kinetic friction 4 between the block and the surface.
(d) On the axes below, sketch graphs of the speed v and displacement x of the block as functions of time ¢ if the
block started from rest at x=0and ¢ = 0.

(e) If the applied force is large enough, the block will lose contact with the surface. Derive an expression for the
magnitude of the greatest acceleration a,,, that the block can have and still maintain contact with the ground.
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Physics C Mechanics Page 23



3.4 - Retarding & Drag Forces

Monday, March 13, 2017 11:12 AM

Retarding Forces
» Sometimes the frictional force is a function of an object's velocity (such as air resistance)

» These forces are called drag, or retarding, forces.

The Skydiver

e Assume we drop Alex from an airplane
+ Typically the drag forces on a free-falling object take the form Fy.,q = bv or Fgog = cv?, where
b and c are constants

* For this problem, let's assume Fg5q = bv
e

=bv
> mg-bw ma

Fmrf Mg - Er,.,-:-ma"_

*Tuitielly @ £=0, V=0, turelre a=g

s £ T, evedfvally Mex reocles a ma, or e minel velouty
VA and a=0, F’:".r.a..-

ﬂj-—bh:ﬂq -Lmj:a mq- bh’+—0-'? 14 )
V’V.]- +

Velocity as a Function of Time
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Acceleration as a Function of Time

a- % = e (wrue™) = 4 (0t =-udele ™)

a- *V;e (%)’70’ (_g;’})(f%)e- .2

*‘3-*] ez
L 9 e ,,e'i e—?

Graph of Acceleration, Velocity, and Displacement
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2005 Free Response Question 1
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A ball of mass M is thrown vertically upward with an initial speed of v, . It experiences a force of air resistance

given by F = —kv, where k is a positive constant. The positive direction for all vector quantities is upward.
Express all algebraic answers in terms of M, k, v,, and fundamental constants.

(a) Does the magnitude of the acceleration of the ball increase, decrease, or remain the same as the ball moves
upward?

increases decreases remains the same
Justify your answer.

(b) Write, but do NOT solve, a differential equation for the instantaneous speed v of the ball in terms of time #
as the ball moves upward.

(c) Determine the terminal speed of the ball as it moves downward.

(d) Does it take longer for the ball to rise to its maximum height or to fall from its maximum height back to the
height from which it was thrown?

longer to rise longer to fall

Justify your answer.

(e) On the axes below, sketch a graph of velocity versus time for the upward and downward parts of the ball’s
flight, where 7 is the time at which the ball returns to the height from which it was thrown.

+
a) T U » F‘"tr?— -ug-ku ..m} =7 @y= -9~ !‘%"

~ as v 1g] Yecrg) 7
b) aﬁ:-g—_k_; ﬁ-) 5‘-}-’;:—3*% =2 ﬂg:—;» :F/”j"ku

—
) @ Vjor™” Finr=0 a;i = ky,= }3.-7 Uy = —,%
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2013 Free Response Question 2

o

m > Ff‘.

Mech 2.

A box of mass m initially at rest is acted upon by a constant applied force of magnitude F,, as shown in the

figure above. The friction between the box and the horizontal surface can be assumed to be negligible, but the
box is subject to a drag force of magnitude kv where v is the speed of the box and k is a positive constant.
Express all your answers in terms of the given quantities and fundamental constants, as appropriate.

(a) The dot below represents the box. Draw and label the forces (not components) that act on the box.

(b) Write, but do not solve, a differential equation that could be used to determine the speed v of the box as a
function of time #. If you need to draw anything other than what you have shown in part (a) to assist in your
solution, use the space below. Do NOT add anything to the figure in part (a).

(c) Determine the magnitude of the terminal velocity of the box.

(d) Use the differential equation from part (b) to derive the equation for the speed v of the box as a function of
time 7. Assume that v =0 attime 1= 0.

(e) On the axes below, sketch a graph of the speed v of the box as a function of time #. Explicitly label any
intercepts, asymptotes, maxima, or minima with numerical values or algebraic expressions, as appropriate.
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as [ Jv

b) Fuer, = Fp-kv=ma > |5 -kv=w %

)@ Vins , @59, Fine=0, 22 Fa=kv 57 Rk, =7).V¢.= _-?4: )
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v €
) ko= %—7 J #,,.-.7.;,% - 5:4; —

L (PR, 7 =5 Lu(F-k)-A(P) = EE =>
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kv F-Fe ' = v=-;()-e°§'*)
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3.5 - Ramps & Inclines

Tuesday, March 14, 2017 9:35 PM

Drawing FBDs for Ramps

» Choose the object of interest and draw it as a dot or box
» Draw and label all the external forces acting on the object

» Sketch a coordinate system, choosing the direction of the object's motion as
one of the positive axes

A

Pseudo-FBDs

» When forces don't line up with axes, you can draw a pseudo-FBD
» Break forces that don't line up with axes into components that do

» Redraw your diagram with all forces parallel to axes

"3
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3.6 - Atwood Machines

Tuesday, March 14, 2017 9:44 PM

Atwood Machine

» Atwood Machine - two objects are connected by a light string over a
massless pulley

« Ideal pulleys are frictionless and massless (they add no inertia to the system)

» Tension is constant in a light string passing over an ideal pulley

Solving Atwood Machine Problems
1. Adopt a sign convention for positive and negative motion
2. Draw a free body diagram for each mass
3. Write Newton's Second Law equations for each mass
4. Solve for unknowns
LIRS Mg
T ";F Tt LE: '.:3 -_ —
J 1 f ,iﬂ,w- zjua(t,fl":)
" ) °

m'j -]‘lzj = ﬂ(“': 'H“")
gm) = AL T)

‘“ W, F -UI'I",: 7“,5 ~-T, = lﬁ,‘q

ma2 a=q _:_:f-f—
mi My FJ!T} =Ty - Mg = Mpa - o, + I

T,=Te
Alternate Solution

» Analyze the system as a whole
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Mass and Pulley on a Ramp

* Two masses, m; and m,, are connected by a light
string over a massless pulley as shown. Assuming a

frictionless surface, find the acceleration of m.,.
IRV o v &

L

"

‘r-n,ﬂsiuWS M, q
T=mw, gs.'uio" M,Q

LA Weg =T = W20
J T "gﬂ - (lr,gﬂ'u 307+, a) = Weq
w
i e Mg - W, 35.‘“0“ -Mq=WM2q

7~ W, 510 30°
g (Mrsn0®)=a ( mtue )} a = 9 T(u,rme)y
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4.1 - Work

Tuesday, March 14, 2017 9:55 PM

What is Work?

Work is the process of moving an object by applying a force

The object must move for work to be done

The force must cause the movement

Work is a scalar quantity

Units are Joules

Work in One Dimension

e Only the force in the direction of the displacement contributes to the work done

v

.A Fm:g A ------

B

(V= FeosBax = Frox

Non-Constant Forces

\

» Work done is the area under the force vs. displacement graph
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Hooke's Law

» The more you stretch or compress a string, the greater the force of the spring
» The spring's force is opposite the direction of its displacement from equilibrium

» Model this as a linear relationship, where the force applied by the spring is
equal to a constant (the spring constant) multiplied by the spring's
displacement from its equilibrium (rest) position

o F,=—kx
» Slope of the graph gives you the spring constant, k (in N/m)
20
18
16
14

12 -
10

Force (N)

o N & o

0 0.02 0.04 0.0 0.08 0.1
Displacement (m)
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Work Done in Compressing a Spring

» A spring obeys Hooke's Law. How much work is done in compressing the spring
from equilibrium to some point x?

s x X
W= §Fdf = e e kS >
=0

W=k ’-fé},’{;k(’-‘*i-03=ékx‘=7

2
055-%#)(
Work Done in Compressing a Non-Linear Spring

The force required to extend a non-linear spring is
described by F(x)=0.5kx?>. How much work is done
in compressing the spring from equilibrium to some
point x7

W= SF.J‘ = Sx{kxz# - £ S:Xla'% -3 ’—})x =

o

(7]
5
we5(L-2)= 5

Work in Multiple Dimensions

F;-h
e Sau/ = S B.dz
)
Work-Energy Theorem

Physics C Mechanics Page 35



Y Fewa= M Vs
W SFG)«# ’f——"?‘é U)=Snﬂ;"3 vt —>
x; u‘-,d;{_v‘?al’::UJf '

Vi Vi 2 1Vt -
W;j wvdv = ””5 vdv = M!g }h = m(%_

K”z""’ K= S = KF K. = AK

Example: Velocity from an F-d Graph

Y\

A Dlspla{ement 2

Net Force

« Determine the object's final speed.
W = Aeta=Sbla +hu +2bh =2
11, Fonag + (21") Foue +4 (5770) Pt =zw
iz B lryan, - ) =>

-;,J_’:“__hﬁﬁ-’ (h +z “"j

Physics C Mechanics Page 36



4.2 - Energy & Conservative Forces

Tuesday, March 14, 2017 10:10 PM

What is Energy?

« Energy is the ability or capacity to do work
o Work is the process of moving an object

e Energy is the ability or capacity to move an object

Energy Transformations

« Energy can be transformed from one type to another
« You can transfer energy from one object to another by doing work
» Work-Energy Theorem

o Work done on a system by an external force changes the energy of the
system

Kinetic Energy

 Kinetic Energy is energy of motion

o The ability or capacity of a moving object to move another object

K = =muv?
i zmv

Potential Energy

« Potential Energy (U) is energy an object possesses due to its position or state of
being

o Gravitational Potential Energy (Uy) is the energy an object possesses
because of its position in a gravitational field

o Elastic Potential Energy (Us)
o Chemical Potential Energy
o Electric Potential Energy

o Nuclear Potential Energy

« A single object can have only kinetic energy, as potential energy requires an
interaction between objects
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Internal Energy

» The internal energy of a system include the kinetic energy of the objects that
make up the system and the potential energy of the configuration of the
objects that make up the system

e Changes in a system's structure can result in changes in internal energy

Gravitational Potential Energy (Ug)

b ?:i la
1 w*—S Fdr= 1\ wydy =
’:a o

le
\/ l/l/-" nfg Jt;, = mng
9:,0 5&

(g =wgh
Conservative Forces

» A force in which the work done on an object is independent of the path taken is
known as conservative force

» A force in which the work done moving along a closed path is zero

» A force in which the work done is directly related to a negative change in
potential energy (W=-AU)

Conservative Forces Non-Conservative Forces

Gravity Friction
Elastic Forces Drag

Coulombic Forces Air Resistance

Newton's Law of Universal Gravitation

» The gravitational force of attraction between any two objects with mass

Gmym,
g r2

Physics C Mechanics Page 38



Au =-u/=.=='%r-v="5 Tt dr =>
¥

Uﬂ-: G,y gr ir{ = Gw, Wy S*r_-;_"r = G:Wa”!é%) };
” L 4

Force from Potential Energy

F Ju =-dWe= -F J7
.{’r'EF - n!&ﬂ'-ﬂ
Fa

dU = ~Feos0dd 2> dU=—Fe IS
_ -dV
O

Summary
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4.3 - Conservation of Energy

Wednesday, March 15, 2017 11:05 AM

Conservation of Mechanical Energy

Consider a single conservative force doing work on a closed system

Wy =AK, Wp=—AU
~AK+AU =0

Non-Conservative Forces

» Non-conservative forces change the total mechanical energy of a system, but not the total
energy of a system

Work done by a non-conservative force is typically converted to internal (thermal) energy

* Eiota =K+ U+ Wy
o Emech:K+U

2002 Free Response Question 3
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An object of mass 0.5 kg experiences a force that is associated with the potential energy function

U(x) = 2;2 e where [/ isin joules and x is in meters.

(a) On the axes below, sketch the graph of U(x) versus x.

U )
3.04-—--F--mdmmmmk oo e S
2.0 :
1.0-

} } ' I. ' } } } = 1 (m)
0 1 2 3 4

(b) Determine the force associated with the potential energy function given above.

(c) Suppose that the object is released from rest at the origin. Determine the speed of the particle at x =2 m.

In the laboratory, you are given a glider of mass 0.5 kg on an air track. The glider is acted on by the force
determined in part (b). Your goal is to determine experimentally the validity of your theoretical calculation in
part (c).

(d) From the list below, select the additional equipment you will need from the laboratory to do your experiment
by checking the line next to each item. If you need more than one of an item, place the number you need on

the line.
__ Meterstick ___ Stopwaitch ___ Photogate timer  ____ String ___ Spring
___ Balance __ Woodblock __ Set of objects of different masses

(e) Briefly outline the procedure you will use, being explicit about what measurements you need to make
in order to determine the speed. You may include a labeled diagram of your setup if it will clarify your
procedure.
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Photogate
o 1

Spring
Glider

Air Track

U U
Mech. 3.

The apparatus above is used to study conservation of mechanical energy. A spring of force constant 40 N/m is held
horizontal over a horizontal air track, with one end attached to the air track. A light string is attached to the other
end of the spring and connects it to a glider of mass m . The glider is pulled to stretch the spring an amount x from
equilibrium and then released. Before reaching the photogate, the glider attains its maximum speed and the string
becomes slack. The photogate measures the time ¢ that it takes the small block on top of the glider to pass through.
Information about the distance x and the speed v of the glider as it passes through the photogate are given below.

Trial # | EXtension of the Spring | Speed of Glider Extenszion Squared | Speed Squared
x (m) v (m/s) x (mz) v? (mz/sz)
1 0.30 x 10" 0.47 0.09 x 1072 0.22
2 0.60 x 107 0.87 0.36 x 1072 0.76
3 0.90 x 10" 1.3 0.81x 1072 1.7
4 125107 1.6 1.4 x1072 2.6
5 1.5x107" 22 23x1072 4.8

(a) Assuming no energy is lost, write the equation for conservation of mechanical energy that would apply to this
situation.

(b) On the grid below, plot v? versus x°. Label the axes, including units and scale.
(c)
i. Draw a best-fit straight line through the data.
ii. Use the best-fit line to obtain the mass m of the glider.

(d) The track is now tilted at an angle 8 as shown below. When the spring is unstretched, the center of the glider is
a height h above the photogate. The experiment is repeated with a variety of values of x.

i. Assuming no energy is lost, write the new equation for conservation of mechanical energy that would
apply to this situation.

ii. Will the graph of v* versus x? for this new experiment be a straight line?

Yes No

Justify your answer.

a) K=Us =7 Lmvt= 4 kg
b)
11

K=¥O

> %wu‘: 1 («o) x¢

{ wmyts 2O »xt
mutsYort

) C) Sope = %,
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a) K=Us =7 Lmvt= Lk > Ltz 2(v0) X

—r—t )

o S
d) Us -l-Us = K
ks mgq (n Fxsiv 8) =z WV

s

NO R ois o fom of btk x and xt

Z

2010 Free Response Question 1

Physics C Mechanics Page 45



iy |

Students are to conduct an experiment to investigate the relationship between the terminal speed of a stack of
falling paper coffee filters and its mass. Their procedure involves stacking a number of coffee filters, like the
one shown in the figure above, and dropping the stack from rest. The students change the number of filters in the
stack to vary the mass m while keeping the shape of the stack the same. As a stack of coffee filters falls, there

is an air resistance (drag) force acting on the filters.

Mech. 1.

(a) The students suspect that the drag force Fj, is proportional to the square of the speed v: F), = Cv?, where
C is a constant. Using this relationship, derive an expression relating the terminal speed vy to the mass m.

The students conduct the experiment and obtain the following data.

Mass of the stack of filters, m (kg) | 1.12x10™ | 2.04x10™ | 296107 | 4.18 x10™ | 5.10%x 107>
Terminal speed, v, (m/s) 0.51 0.62 0.82 0.92 1.06

(b)
(i) Assuming the functional relationship for the drag force above, use the grid below to plot a linear graph
as a function of m to verify the relationship. Use the empty boxes in the data table, as appropriate,
to record any calculated values you are graphing. Label the vertical axis as appropriate, and place
numbers on both axes.

(ii) Use your graph to calculate C.

A particular stack of filters with mass m is dropped from rest and reaches a speed very close to terminal speed
by the time it has fallen a vertical distance Y.

©
(i) Sketch an approximate graph of speed versus time from the time the filters are released up to the time
t =T that the filters have fallen the distance Y. Indicate time ¢t = T and terminal speed v = v; on

the graph.

(i) Suppose you had a graph like the one sketched in (c)(i) that had a numerical scale on each axis.
Describe how you could use the graph to approximate the distance Y.

(d) Determine an expression for the approximate amount of mechanical energy dissipated, AE , due to air
resistance during the time the stack falls a distance y, where y > Y . Express your answer in terms of y, m,

vy , and fundamental constants.
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Motion Sensor Reflector

[ Bumper
Air Track
I 0.0m 05 m 1.0 m 1.5m 2.0m
Figure 1
Motion Sensor Reflector
|V Bumper
|!tEEt‘ Glider
Air Track
I 0.0m 05 m 1.0m 1.5m 2.0m
Figure 2
Mech 1.

A student places a 0.40 kg glider on an air track of negligible friction and holds it so that it touches an
uncompressed ideal spring, as shown in Figure 1 above. The student then pushes the glider back to compress the
spring by 0.25 m, as shown in Figure 2. At time ¢ = 0, the student releases the glider, and a motion sensor begins
recording the velocity of the reflector at the front of the glider as a function of time. The data points are shown in
the table below. At time ¢ = 0.79 s, the glider loses contact with the spring.

Time (s) 0 0.25 0.50 0.75 1.00 1.50 2.00
Velocity (m/s) 0 0.25 0.43 0.48 0.50 0.49 0.51
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(a) On the axes below, plot the data points for velocity v as a function of time # for the glider, and draw a
smooth curve that best fits the data. Be sure to label an appropriate scale on the vertical axis.

v (m/fs)
i t 1 I t I +
I I I I o
4 R | - = I b
1 I | | | I
[ I R NS e —— hrsbhalad ads S S - £ S (R SRS S S - = i
I I | I ! |
IS W T W . 4_d_J__L_L_ _1__1__ | R N [P [
I I | 1 | 1
[ 1 | 1 | |
[ ] | 1 | I
__________ " O SN Y RN IV DS SV SRR PR I I SN S I
1 1 | 1 | I
- 1 Ll _n !
[ 1 I I : T
1 1 L
| LI (R A I RIS re7=-
| 1 | 1 | I
[ i ! 1 o
: RIS
i 1 ! [ —
I 1 | I |
I 1 I ] |
i 1 | i |
1 ! ! 1(s)
0 1.0 2.0

(b) The student wishes to use the data to plot position x as a function of time ¢ for the glider.
i. Describe a method the student could use to do this.

ii. On the axes below, sketch the position x as a function of time ¢ for the glider. Explicitly label any
intercepts, asymptotes, maxima, or minima with numerical values or algebraic expressions, as
appropriate.

x (m)
3

- - - ; 1(s)
0 1.0

]

(c) Calculate the time at which the glider makes contact with the bumper at the far right.
(d) Calculate the force constant of the spring.

(e) The experiment is run again, but this time the glider is attached to the spring rather than simply being pushed
against it.

i. Determine the amplitude of the resulting periodic motion.

ii. Calculate the period of oscillation of the resulting periodic motion.
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4.4 - Power

Wednesday, March 15, 2017 11:05 AM

Defining Power

Power is the rate at which work is done
Power is the rate at which a force does work

Units of power are joules/second, or watts

aw
Pavgzﬂ
_dw _F-di . dF

= o

v

P=w="a =&

2003 Free Response Question 1

100 kg

Mech. 1.

The 100 kg box shown above is being pulled along the x-axis by a student. The box slides across a rough surface,
and its position x varies with time ¢ according to the equation x = 0.5¢> + 2¢, where x is in meters and ¢ is in

seconds.
(a) Determine the speed of the box at time ¢ = 0.
(b) Determine the following as functions of time .
i. The kinetic energy of the box
ii. The net force acting on the box
iii. The power being delivered to the box
(c) Calculate the net work done on the box in the interval t =0to t =2 s.

(d) Indicate below whether the work done on the box by the student in the interval = 0 to ¢ = 2 s would be greater
than, less than, or equal to the answer in part (c).

___ Greater than _ Less than ___Equalto

Justify your answer.
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_ 3 So{-‘f cooet) | ¢
W= S-Pdé = 5‘{90&4-@::&).:!6 ___DL

4

CZ‘.E'&.’J.}Q.O.&‘)/ z2zs é_) +300(2) = 30007

d)  Geets Thow

Ujsw = wm"' %tﬂbﬂ
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5.1 - Momentum & Impulse

Wednesday, March 15, 2017 11:05 AM

Momentum

» Momentum is a vector describing how difficult it is to stop a moving object

¢ Total momentum is the sum of individual momenta
e F=md

» Units are kg-m/s or N-s

Example 1: Changing Momentum

» An Aichi D3A bomber mass (3600 kg) departs from its aircraft carrier with a velocity of 85
m/s due east. What is its momentum?

P =mi=Bsooky) (35%) :[%0@0 il [

» After it drops its payload, its new mass is 3000 kg and it attains a cruising speed of 120

m/s . What is its new momentum?

E')F: my = émak,l:m%ﬁ@zﬁ?_g-

Impulse
» As you observed in the previous problem, momentum can change
» A change in momentum is known as an impulse (J)
« J=4p

Example 2: Impulse

e The D3A bomber, which had a momentum of 3.6e5 kg-m/s, comes to halt on the ground.

What impulse is applied?

Ap= fo- Pr = O = 3.610° B = |-3.410° Bp2 /

Relationship Between Force and Impulse
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B _p
e F=ma=m = ( )_

Example 3: Force from Momentum

« The momentum of an object as a function of time is given by p=kt?, where k is a
constant. What is the equation for the force causing this motion?

B - B (ke) ke L= ERE]

Impulse-Momentum Theorem

fo

F- gg g;:.ﬁ =)=
_ Pt -*AJ

Example 4: Impulse-Momentum

» A 6-kg block, sliding to the east across a horizontal, frictionless surface with a
momentum of 30 kg-m/s, strikes an obstacle. The obstacle exerts an impulse of 10 N's to
the west on the block. Find the speed of the block after the collision.

?_ P My - mV; =>miy = T +w; =D

'3'4-»«\/ ~ —jows+ 30T -
V¥ ik Sl 6 kg

17; = 333% eoast

Example 5: Water Gun

e A girl with a water gun shoots a stream of water than ejects 0.2 kg of water per second
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horizontally at a speed of 10 m/s. What horizontal force must the girl apply on the gun in
order to hold it in position?

F=9 - d(w)= 927 = (22 ) 109>

Foov)

Impulse from F-t Graphs

» Impulse is the area under a Force-time graph
» Impulse is equivalent to a change in momentum

A

Force

Example 6: Impulse from Force

« A force F(t)=t3 is applied to a 10 kg mass. What is the total impulse applied to the object
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between 1 and 3 seconds?
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5.2 - Conservation of Linear Momentum

Wednesday, March 15, 2017 11:05 AM

Collisions and Explosions

* In the case of a collision or explosion, if you add up the individual momentum

vectors of all the objects before the event, you'll find that they are equal to the sum

of momentum vectors of the objects after the event

o Written mathematically, the law of conservation of linear momentum states

® Dinitiat = Pfinal

Solving Momentum Problems

1.

2.

5.

Identify all the objects in the system

Determine the momenta of the objects before the event. Use variables for any

unknowns

Determine the momenta of the objects after the event. Use variables for any

unknowns

Add up all the momenta from before the event and set equal to the momenta after

the event

Solve for any unknowns

Types of Collisions

Elastic collision Inelastic collision

— e
Mf@ @”" .l(. @w‘
"'_@]*' -:‘{@— ot

Objects that collide move separately after collision. Objects that collide move together after collision.

Total momentum and total energy of the system are conserved.

Kinetic energy is conserved. Kinetic energy is NOT conserved.

¢ Elastic collision

o Kinetic energy is conserved
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* Inelastic collision
o Kinetic energy is not conserved
Example 1: Traffic Collision

» A 2000-kg car traveling 20 m/s collides with a 1000-kg car at rest. If the 2000-kg
car has a velocity of 6.67 m/s after the collision, find the velocity of the 1000-kg car

after the collision
Ohects | R (%) | R(%5)
Gor A 200020 = Y0000 | 2000+6.67 = 13,340

Cavy 13 @, 1000 +Vp,

Totad | 40000 = 1330 +loooVs
- 13,W0 “3wo

26,660 = 1000 Vn
W = 26.2 Y%

Example 2: Collision of Two Moving Objects

» On a snow-covered road, a car with a mass of 1100 kg collides head-on with a van

having a mass of 2500 kg traveling at 8 m/s
» As aresult of the collision, the vehicles lock together and immediately come to rest.

» Calculate the speed of the car immediately before the collision
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Objects R | R

_Car 1100 + U,, -

 Vaw 2500+ (-3)= 20000 2

Total Io0Ue, - 20,000 = @—
11 00Vzay = 20,000

Example 3: Recoil Velocity

» A 4-kgrifle fires a 20-gram bullet with a velocity of 300 m/s. Find the recoil velocity
of the rifle

Oyets| R| B
‘Ql' 'F l'ﬂ qb’.-#,”

Bullet- 2 (02)(39)= 6

Total @ =Yy +¢
4y, = -C

Example 4: Atomic Collision

e A proton (mass=m) and a lithium nucleus (mass=7m) undergo an elastic collision

as shown below.
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 Find the velocity of the lithium nucleus following the collision

a v=1000"/

Ohjects| P | P Kn =KaA
Reton  [1000m [MVp 1 mc.lma) = m( 1000 -7 l-’..) *"‘L (7"') v
Lilve _._g L) lodo" = (n:ta -"Wt) F 2L =2
Tohl | 1000w = Wy +7mV, o 10 ww‘,ulrﬂf#w_ F7VE =
1000 = Vp+ 7y 0= —J4o00 Ve + SEVLT
Vp = 1000 =74 SEVt= 19000V Vezo o
Vp = 1000-7(250% ) Sy, = 14000 [4>258]

)—'V _;. ___‘:“‘75 oW V, = 250%
Example 5: Collisions in Multiple Dimensions

 Bert strikes a cur ball of mass 0.17 kg, giving it a velocity of 3 m/s in the x-
direction. When the cue ball strikes the eight ball (mass=0.16kg), previously at rest,
the eight ball is deflected 45 degrees from the cur ball's previous path, and the cue
ball is deflected 40 degrees in the opposite direction. Find the velocity of the cue
ball and the eight ball after the collision
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Obyects | R, Fa Ve= Veve 4ot .
CveB [ U= .5) 07V, cosyp® Vg =V 3-8l ﬁf_‘f
% Bal @ |6Vycos4S® Qﬂ“\é
T?"_h} J Sl =3 + 15V (DQ _— =45
0.17kg }-= T'=- >

Obgeds| P Poy e
CoeB | O |17V sinl-4°) egA
SBed/| O |d6Vy siw (45°) >, sl= .JE(J.aﬂu"g) +. /3 Vg

Toh/ | O ==lotV, +.3Vy @ €)= 245 Vy

JOT = .l'l-f’b"r Vf-‘-Z.Oé/';

Ve: loyvg & T~
Ue= .09 (2.06%)

lvz: 2.14%% ’

2001 Free Response Question 1
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Motion
Sensor

.

Force
Sensor

r

Mech 1.

A motion sensor and a force sensor record the motion of a cart along a track, as shown above. The cart is given a
push so that it moves toward the force sensor and then collides with it. The two sensors record the values shown

in the following graphs.
e I T B S R T S I B S T B S S B
| I I | | | ) | | | | | | | | I
= 0201--t1 . e e s L D e e e e E e e ot b
E : N U =z b o
U2 i s o Vi i s e < 301t T
- ! ' I I ! | - ! | ! I | ! | !
= —_I _____ | L __I---I _ i I——- 8 Y ___'___|_____' N L | |
g Ottt S g 20t T
< A T S ot § 1 i Lo
(1 B e B e o e e [fr=trrbrny —
: | : | : 1 | : : | : | I :
) I (e — . LN
030 032 034 036 038 040 030 032 034 036 038 040

Time 7 (s) Time 7 (s)

(a) Determine the cart’s average acceleration between t=0.33s and 7=0.37 s.
(b) Determine the magnitude of the change in the cart’s momentum during the collision.
(c) Determine the mass of the cart.

(d) Determine the energy lost in the collision between the force sensor and the cart.

a) a, AV l){,__.:_g,_-_ _ -18%-.223 :--4-'3"3

- 9y Yo
b) 41p-5ﬁ

€ = Hoae= z( o1)(10)+ CoD (o) +E(. oz) (30) +

L(o)li0)= [o—jﬂf"ﬂ
=[5 ks

c.) Apzm.du => m..

d) Ak = K-K; =

(K= o.a‘:zﬂ

2002 Free Response Question 1
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A crash test car of mass 1,000 kg moving at constant speed of 12 m/s collides completely inelastically with an
object of mass M at time ¢ = 0. The object was initially at rest. The speed v in m/s of the car-object system
after the collision is given as a function of time ¢ in seconds by the expression

8
1+5¢°

V=

(a) Calculate the mass M of the object.

(b) Assuming an initial position of x = 0, determine an expression for the position of the car-object system after
the collision as a function of time .

(c) Determine an expression for the resisting force on the car-object system after the collision as a function of
time t.

(d) Determine the impulse delivered to the car-object system from ¢t =0to ¢t =2.0s.

a) . > (i009) () + M(9) = (ooorm) V(e =>

12000 = [000+M)(8) => 12000 =300 +FM =>

& M=4yooo => M =50 E
u=/+5¢

b) v(t)= _i: => x(t)= g L LA _fg:'@ﬁ' ~de 5

| +SE
}((-&)= %,&(MS’J—)/:-: %@[}Hﬁj _,e,.[lﬂ =
X()= % 4 (1+5¢)

)a_o’v Jd(%{) q#(ms&}) ‘i[(!ﬁé ]

-40
() +5%)

R
_ |=¢o000
F -mq = ,Sm(@*ﬁ)t - ) G*‘;{')L
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d) - _ Ls - 0 0c0 _ zS‘i—-l- t#
J SFJwé-- . (175" di = éo?o Soc 1) s

Fd rd
_ =60,000[ (1rse)”! / - - —
= ?[C_r _ 12,000 752 ) [, =>

T ~12,000] -2 =-1] = 12000 [he] =

5= -10,901 K

2014 Free Response Question 1

Photogates
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Mech. 1.

In an experiment, a student wishes to use a spring to accelerate a cart along a horizontal, level track. The spring
is attached to the left end of the track, as shown in the figure above, and produces a nonlinear restoring force of

magnitude F, = As® + Bs, where s is the distance the spring is compressed, in meters. A measuring tape,

marked in centimeters, is attached to the side of the track. The student places five photogates on the track at the

locations shown.

(a) Derive an expression for the potential energy U as a function of the compression s. Express your answer in

terms of A, B, s, and fundamental constants, as appropriate.
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In a preliminary experiment, the student pushes the cart of mass 0.30 kg into the spring, compressing the spring
0.040 m. For this spring, A = 200 N/ m? and B =150 N/m. The cart is released from rest. Assume friction
and air resistance are negligible only during the short time interval when the spring is accelerating the cart.
(b) Calculate the following:

i. The speed of the cart immediately after it loses contact with the spring

ii. The impulse given to the cart by the spring

In a second experiment, the student collects data using the photogates. Each photogate measures the speed of the
cart as it passes through the gate. The student calculates a spring compression that should give the cart a speed of
0.320 m/s after the cart loses contact with the spring. The student runs the experiment by pushing the cart into
the spring, compressing the spring the calculated distance, and releasing the cart. The speeds are measured with
a precision of £0.002 m/s. The positions are measured with a precision of £0.005 m.

Photogate 1 2 3 4 5
Cart speed (m/s) 0.412 0.407 0.399 0.374 0.338
Photogate position (m) 0.20 0.40 0.60 0.80 1.00

(c) On the axes below, plot the data points for the speed v of the cart as a function of position x. Clearly scale
and label all axes, as appropriate.

(d)

i. Compare the speed of the cart measured by photogate 1 to the predicted value of the speed of the cart
just after it loses contact with the spring. List a physical source of error that could account for the
difference.

ii. From the measured speed values of the cart as it rolls down the track, give a physical explanation for
any trend you observe.

a) F-: -_ﬂ!.¢=7 AUz -Fl =7 U = -Spur =>
U= :‘@1‘4-8:).‘5-.: _(h" ) : ..,4;3 Bs‘

S.:o

b) 4= € <7 Uy, =K, =7 42085 =1
L o= LMV U .?2?=‘7)V=M

li;) J=Aap=wmyy -MV; = 0.‘5(11-.9) =073 5 .s

t em)c od)’ ftzal_fz-_w)‘=
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5.3 - Center of Mass

Wednesday, March 15, 2017 11:05 AM

Center of Mass

» Real objects are more complex than theoretical particles

» Treat entire object as if its entire mass were contained at a single point known as the object's
center of mass (CM)

» Center of mass is the weighted average of the location of mass in an object

Find CM by Inspection

» For uniform density objects, CM is the geometric center
» For objects with multiple parts, find CM of each part and treat as a point

» Forirregular objects, suspend object from two or more points and drop a plumb line. The line

intersects at the center of mass

Calculating CM for Systems of Particles

Y m7r

m1x1 + m2x2 + A

* Xcy =
my, +my + -

.« Yoy = myy; + mpy; + -
M m +my +

Example 1: Center of Mass (1D)
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2kg ?k? s
A .
s x=8
(o o 000
M LL

Example 2: CM of Continuous System
_ ”f. + Wy <
?"” - j" M L

. Gi(o) +@)()
1y

(0,2

Example 3: Center of Mass (2D)
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Y- 3)1)+ Y(s) ¥ 1(7)
i 7

3 (#c.n'-' 3!”}“{(‘)*—’(—’): ZT.3%

kg . (5.3) ?
® (;-7 SJ'Z--“)

(1.2 1 kg

=3.%5

— - R

|
Finding CM by Integration

« For more complex objects, you can find the center of mass by summing up all the little pieces of
position vectors multiplied by the differential of mass and dividing by the total mass

R [#dm
* Ty = o

Example 4: CM of a Uniform Rod

@
@
¥ x

/ dx L
- v I o~ XJm Xgﬂt"__’:l dy =
R R s B0 G
¢ M

=)

Example 5: CM of a Non-Uniform Rod

« Find the center of mass of a non-uniform rod of length L and mass M whose density is given by
A=kx
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Center of Mass Relationships
I},:;\L Y = Vm’,,"':,' Swil, L
ch =/'J§ ;F;‘ =7 Fror® MY,
=
S5y FEz I ea = . >
'nmu'mﬂ = Télﬁﬁ'ﬁ[ﬂ"f-)%
= -
l"-,'urﬂ:Mac# N2 law

Center of Gravity

» Center of Gravity refers to the location at which the force of gravity acts upon an object as if it
were a point particle with all its mass focused at that point
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« In a uniform gravitational field, Center of Gravity and Center of Mass are the same

« In a non-uniform gravitational field, they may be different

2004 Free Response Question 1
L

- |
m Ej\- C
A 9()"’q

-

1y

D

Mech. 1.

A rope of length L is attached to a support at point C. A person of mass m, sits on a ledge at position A holding
the other end of the rope so that it is horizontal and taut, as shown above. The person then drops off the ledge
and swings down on the rope toward position B on a lower ledge where an object of mass m, is at rest. At
position B the person grabs hold of the object and simultaneously lets go of the rope. The person and object then
land together in the lake at point D, which is a vertical distance L below position B. Air resistance and the mass
of the rope are negligible. Derive expressions for each of the following in terms of m;, m,, L, and g.

(a) The speed of the person just before the collision with the object
(b) The tension in the rope just before the collision with the object
(c) The speed of the person and object just after the collision

(d) The ratio of the kinetic energy of the person-object system before the collision to the kinetic energy after the
collision

(e) The total horizontal displacement x of the person from position A until the person and object land in the
water at point D.
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6.1 - Uniform Circular Motion

Wednesday, March 15, 2017 11:06 AM

Uniform Circular Motion

e Object travels in a circular path at constant speed

« Distance around the circle is its circumference
o C=2nr=mnd

e Average speed formula from kinematics still applies

o V=—=2nr
t

Frequency

» Frequency is the number of revolutions or cycles which occur each second
e Symbolis f

e Units are 1/s, or Hertz (Hz)

number of cycles number of revolution

of_

second second

Period

Period is the time it takes for one complete revolution, or cycle.

Symbolis T

Unites are seconds (s)

e T = time for 1 cycle = time for 1 revolution

Frequency and Period

1

. f:?
° T—1
o f

Centripetal Acceleration

* Is an object undergoing UCM accelerating?
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» Magnitude of Centripetal Acceleration

Centripetal Force

 If an object is traveling in a circle it is accelerating toward the center of the circle
» For an object to accelerate, there must be a net force
» We call this force a centripetal force (F,)

_mv?

. FC_T
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7.1 - Rotational Kinematics

Wednesday, March 15, 2017 8:21 PM

Radians and Degrees
» In degrees, once around a circle is 360°
« In radians, once around a circle is 21
« A radian measures a distance around an arc equal to the length of the arc's radius

e As=C=2nr

Linear vs. Angular Displacement

Linear position / displacement given by Ar or As

« Angular position / displacement given by AB

e s=10

o As =rAf

Linear vs. Angular Velocity
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 Linear speed / velocity given by v

« Angular speed / velocity given by @

.« ©=—

Direction of Angular Velocity

AL = /w» w. L
* )
. - .
}:::EETI'DI'I of rotation, & Right hand
R Direction of rotation
(a) (b)

Converting Linear to Angular Velocity
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Linear vs. Angular Acceleration

Linear acceleration is given by a

« Angular acceleration is given by @

_dp
° a—E
_dd
BT

Kinematic Variable Parallels

Variable Translational Angular
Displacement As AB
Velocity v ©

Acceleration a
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Time t t

Variable Translations

Variable Translational Angular
. — S
Displacement s =16 6 ==
T
. — v
Velocity v=rw w=—
r
. — a
Acceleration a@=T7a a=—
T

Time t=t t=t

Kinematic Equation Parallels

Rotational Motion
(& = constant)

W=+
Gzl{a:u“+m}r
2
l ’)

7, =a;-[,r+§m“

@ = +206

Centripetal Acceleration
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* Express position vector in terms
of unit vectors. _ p. rees®

= -~ -

()= X7+ 9OF S5t

-~ o zwt
:{-t)‘ vcos®\ +75mB, -%

i-'(-t)‘ reoslwt) T+ rsinkt b

5 (rmwl -l'rs“("t)l)
VE - wrsin Cré) |+ wﬂ-ﬂ(“’é)-l =

: } (—w:iu{uﬁ)?-rmtos (w‘f").i)

a s -W r‘_m(u‘t')l - L) rfl"(“f).l "'"'>

a=-w (rcas(w‘t)f rrsin(wt)] ) nﬂ.,c)
yswr 2
as-wr {a}:—'w"'-r — > [a/ ';1:
v

Example: Wheel in Motion

« A wheel of radius r and mass M undergoes a constant angular acceleration of

magnitude a.

« What is the speed of the wheel after it has completed on complete turn, assuming

it started from rest?

o
= WY 2a 26

Wy =2(za) = 4ret
Wy = U4

U= rws= (rr

2003 Free Response Question 3
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Figure | Figure 2

Mech. 3.

Some physics students build a catapult, as shown above. The supporting platform is fixed firmly to the ground.

The projectile, of mass 10 kg, is placed in cup A at one end of the rotating arm. A counterweight bucket B that is to
be loaded with various masses greater than 10 kg is located at the other end of the arm. The arm is released from the
horizontal position, shown in Figure 1, and begins rotating. There is a mechanism (not shown) that stops the arm in
the vertical position, allowing the projectile to be launched with a horizontal velocity as shown in Figure 2.

{(a) The students load five different masses in the counterweight bucket, release the catapult, and measure the
resulting distance x traveled by the 10 kg projectile, recording the following data.

Mass (kg) | 100 | 300 | 500 | 700 | 900
x (m) 18 | 37 | 45 | 48 | 51

i. The data are plotted on the axes below. Sketch a best-fit curve for these data points.

'

50

30

x(m)

20

10

0 200 400 600 800 1000
Mass (kg)

ii. Using your best-fit curve, determine the distance x traveled by the projectile if 250 kg is placed in
the counterweight bucket.
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(b) The students assume that the mass of the rotating arm, the cup, and the counterweight bucket can be neglected.
With this assumption, they develop a theoretical model for x as a function of the counterweight mass using the
relationship x = v ¢, where v, is the horizontal velocity of the projectile as it leaves the cup and ¢ is the time
after launch.

i. How many seconds after leaving the cup will the projectile strike the ground?

ii. Derive the equation that describes the gravitational potential energy of the system relative to the ground
when in the position shown in Figure 1, assuming the mass in the counterweight bucket is M.

iii. Derive the equation for the velocity of the projectile as it leaves the cup, as shown in Figure 2.
(©

i. Complete the theoretical model by writing the relationship for x as a function of the counterweight mass
using the results from (b)i and (b)iii.

ii. Compare the experimental and theoretical values of x for a counterweight bucket mass of 300 kg. Offer a
reason for any difference.

o
B)u -0 4?‘%"’*’?&1

Lo, e
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bis)
U= Ug+Up = miy 9 hp, + ,,‘,3),,, =(10) (B)(M+0) = 3055430 M

iii) U-F K=l = u_; = oM+ 150019 = 1500 +HoM
Ko = ¥ (0) (W) +imug’
U; = 3c0+30M
300+30M < JOM$ 100 + Sutsd MuE

WY
hoite Lo VooV et

w?-—'
300+30M= [OM+1S00 + 5%’4--}-/'4( 36) -.-=> Zon = 1200+S Vit

") X=Ut= 193

i) Xy (H12302) = 3?61«?

X,;{-(M’*?W)= ?qﬂﬁ
2014 Free Response Question 2
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Rough Wall

Smooth Ramp N
P L ]

Side View P
Top View

Mech. 2.

A small block of mass m starts from rest at the top of a frictionless ramp, which is at a height 4 above a
horizontal tabletop, as shown in the side view above. The block slides down the smooth ramp and reaches

point P with a speed v, . After the block reaches point P at the bottom of the ramp, it slides on the tabletop

guided by a circular vertical wall with radius R, as shown in the top view. The tabletop has negligible friction,
and the coefficient of kinetic friction between the block and the circular wall is u .

(a) Derive an expression for the height of the ramp h. Express your answer in terms of v, , m, and fundamental
constants, as appropriate.
A short time after passing point P, the block is in contact with the wall and moves with a speed of v.
(b)
i. Is the vertical component of the net force on the block upward, downward, or zero?
—_Upward ___ Downward _____Zero
Justify your answer.

ii. On the figure below, draw an arrow starting on the block to indicate the direction of the horizontal
component of the net force on the moving block when it is at the position shown.

\ y
N /
.

/
| -

Top View

Justify your answer.

Express your answers to the following in terms of v,, v, m, R, u, and fundamental constants, as appropriate.

(c) Determine an expression for the magnitude of the normal force N exerted on the block by the circular wall as
a function of v.

(d) Derive an expression for the magnitude of the tangential acceleration of the block at the instant the block has
attained a speed of v.

(e) Derive an expression for v(t), the speed of the block as a function of time ¢ after passing point P on the
track.
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7.2 - Moment of Inertia

Wednesday, March 15, 2017 8:21 PM

Types of Inertia

« Inertial mass / translational inertia (M) is an object's ability to resist a linear

acceleration

» Moment of Inertia / rotational inertia (I) is an object's resistance to a rational

acceleration

» Objects that have most of their mass near their axis of rotation have smaller
rotational inertias than objects with more mass farther from their axis of rotation

Kinetic Energy of a Rotating Disc

w

2

Calculating Moment of Inertia (l)

. I=Zmr2=fr2dm
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Example 1: Point Masses
» Find the moment of inertia () of two 5-kg bowling balls joined by a meter-long rod

of negligible mass when rotated about the center of the rod.

o Compare this to the moment of inertia of the object when rotated about one of the

™, w,
Tz 2w = M+ w1t T= Swriz WY e i RT
1= 5(9)"+ (9" T=5() + 50" = S kyw?
I=25 k,....“

Example 2: Uniform Rod
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¢ Find the moment of inertia of a uniform rod about its end and about its center

=7
dw= Ade L
x v
z o
afaw‘f'awf L Aot afzg =
L= Sr‘c’m“Sx‘ﬂ# => _]."--"Sr'l - ‘#J:&"I dy =2
Bl5. 2 /e 6P
]—-"3({"'& ax-’} 3_____ Igs/-.‘i 3((-‘-’-;'3
R 93 _ My _
r=f:i-"ft"!££[ & S s L

Example 3: Solid Cylinder

» Find the moment of inertia of a uniform solid cylinder about its axis

Lodr
9_* %{ - ﬂ,Rt JH"' vl P
A‘ o,
_ E 'Jaﬂ =5 z.-.-.-thr -">
r=o

I=2npl S r3de = 2pl 'Ti} =

gy £ 2o MER?"
4 — e 7

G

Parallel Axis Theorem (PAT)

« If the moment of inertia () of any object through an axis intersecting the center of
mass of the object is |, you can find the moment of inertia around any axis parallel
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to the current axis of rotation (I')

d

Z
e
¢ ¢

! B f[(x, + xﬂ'ﬂ'l)z + (y, + yfﬂ’l)zldm

- J.(:c"? + y’z)dm + f(xcnlz + Ve 2 )dm

+ 2X o f x'dm + 2y [ y'dm

=|lep|+|MR?

Exafnple 4: Calculating | Using PAT

e Find the moment of inertia of a uniform rod about its end
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Example 5: Hollow Sphere

 Calculate the moment of inertia of a hollow sphere with a mass of 10 kg and a
radius of 0.2 meter

T= 3% > 5 (10)(2)=[0.2% by

Example 6: Adjusting Moment of Inertia

» A uniform rod of length L has moment of inertia lo when rotated about its
midpoint.

» A sphere of mass M is added to each end of the rod.

* What is the new moment of inertia of the rod/ball system?
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7.3 -Torque

Thursday, March 16, 2017 11:31 PM

Torque (7)
» Torque is a force that causes an object to turn
» Torque must be perpendicular to the displacement to cause a rotation

o The further away the force is applied from the point of rotation, the more leverage you
obtain, so this distance is known as the lever arm (r)

-Line of Action

e T=FXF

e |?| =7Fsin6
Direction of the Torque Vector

» The direction of the torque vector is perpendicular to both the position vector and the
force vector

» You can find the direction using the right-hand rule. Point the fingers of your right hand in
the direction of the line of action, and bend you fingers in the direction of the force

e You thumb then points in the direction of your torque

» Note that positive torques cause counter-clockwise rotation, and negative torques cause
clockwise rotation

Newton's Second Law: Translational vs. Rotational

N
° ma

net

=1

Al

Ql

Equilibrium
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« Static Equilibrium implies that the net force and the net torque are zero, and the system is

at rest

» Dynamic Equilibrium implies that the net force and the net torque are zero, and the
system is moving at constant translational and rotational velocity

Example 1: See-Saw Problem

» A 10-kg tortoise sits on a see-saw 1 meter from the fulcrum.
» Where must a 2-kg hare sit in order to maintain static equilibrium?

¢ What is the force on the fulcrum?

e-!...—a,}\é-—x - /t/ug..r: Teat=0 =>

—
o (%)() -Gy »=0 =
|0g -29% =O
I(Jj = 23)’
-105 - 29+ By, =0 ¥ =S
E‘W: IZﬂ = ,2(/0%')@/

Example 2: Beam Problem

F""T:qu P

* A beam of mass M and Length L has a moment of inertia about its center of %MLZ. The

beam is attached to a frictionless hinge at an angle of 45° and allowed to swing freely.

» Find the beam's angular acceleration
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Example 3: Pulley with Mass

» A light string attached to a mass m is wrapped around a pulley of mass m, and radius R.
Find the acceleration of the mass

mp
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Example 4: Net Torque

» A system of three wheels fixed to each other is free to rotate about an axis through its
center. Forces are exerted on the wheels as shown. What is the magnitude of the net
torque on the wheels?
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Example 5: Café Sign

» A 3-kg café sign is hung from a 1-kg horizontal pole as shown. A wire is attached to
prevent the sign from rotating.

¢ Find the tension in the wire

*9

i "[,l’

t“'f": o= Tsrwdo® { Q) - 3(3)
- Jj‘ (i 2—) =>

-r--__i = SYN

‘f{fﬂﬂ’
2008 Free Response Question 2
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Spring scale

30°

5' D] ]
Hinge > || 2.0 ke—* B0.50 ke

0.60 m |

Mech. 2.

The horizontal uniform rod shown above has length 0.60 m and mass 2.0 kg. The left end of the rod is attached
to a vertical support by a frictionless hinge that allows the rod to swing up or down. The right end of the rod is
supported by a cord that makes an angle of 30° with the rod. A spring scale of negligible mass measures the
tension in the cord. A 0.50 kg block is also attached to the right end of the rod.

(a) On the diagram below, draw and label vectors to represent all the forces acting on the rod. Show each force
vector originating at its point of application.

(b) Calculate the reading on the spring scale.

(c) The rotational inertia of a rod about its center is %}lﬁ’j_ﬁ2 , where M is the mass of the rod and L is its length.
Calculate the rotational inertia of the rod-block system about the hinge.

(d) If the cord that supports the rod is cut near the end of the rod, calculate the initial angular acceleration of the
rod-block system about the hinge.

a Fu TSo" M::'ij

N m:.“?%
by L

b) Toer= O= T Lsin30® — myl ~My% =0 =>

L (n+%) Lo
T° QT(;T.;D = 1= 2_3(“%)”5")/5”)7"”-
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7.4 - Rotational Dynamics

Thursday, March 16, 2017 11:32 PM

Conservational of Energy

2
) = —=myv
translational 2
— 1y 2
) — {77
rotational 2
total translational

rotational

Example 1: Disc Rolling Down an Incline

» Find the speed of a disc of radius R which starts at rest and rolls down an incline of

height H

Touz 4 mr*

K+l =K + U

Up>0
Mgt = £ MVos + L TW"

K

:0
> u;’" K-F- ‘="-‘>

o el

>

My b= oy (hnet) 68 ==>

r4

gH-

v

Z

4 R0t

vewk
Rw"= v?

3},}: _‘1’34._'0,:_}. 3)9)}:_3U? = v"-: "L_j_j_.# =.~7

i |

Rotational Dynamics
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= ma

net
T = la
Example 2: Strings with Massive Pulleys
» Two blocks are connected by a light string over a pulley of mass mp and radius R.

¢ Find the acceleration of mass m; if my stis on a frictionless surface

t[\ » Tr. 'T; 7FP

=T,7M,q  Meg-Ta= W
Ta= Mg~z @

“er = TaR “TIR = Tk = (g -#5a) R — () R = 2w 8%2) =>

Faer

Meg-Wya-Wq = 'L;__":.> Mg = asoar Yl mg= alinsm+ ") >

» A disc of radius R rolls down an incline of angle 8 without slipping.

¢ Find the force of friction on the disc
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Example 4: Rolling with Sllpplng

» A bowling ball of mass M and radius R skids horizontally down the alley with an
initial velocity of vo. Find the distance the ball skids before rilling given a coefficient
of kenetic friction ik

of Fﬂ(rx -‘Fg 'I“c\ l/l/’”’
>

P = il V= Al Mg = Ma =2 0= Z4heq
S"ZLL/M, . o
v=l,+ot ———">[v= Vo"/’kS_Jt

=l M
To=LLR=Tu i‘!:f:_';f?ﬂg Mg R = % MRt =DM = FRA =
°s

A= 5;”019
TR

S
o %ﬁ~>( 2z 7

Physics C Mechanics Page 101



5‘}'*,. SL"’I‘-, w‘*: U':'RIU

Un"_/”ug'f' R (&z!f){' = b ﬂuﬂ"' & =
Vo > Meqt+ 3 the§t =2 4z Zahest 5> 4= ZVe
Zitie 9
o T = Pl ZzVo
AX =Vyt 4ot V{’(aw.p*" (’d"s")(av.., =
Xz W _ yt Ul _ zut _ 14V 2wt

?ﬂ'hj /U 9 ‘fmﬂ ';la.f ‘fugr q@”kf ?'flg?$

Example 5: Amusement Park Swing

e An amusement park ride of radius x allows children to sit in a spinning swing held
by a cable of length L.

» At maximum angular speed, the cable makes an angle of 6 with the vertical as
shown in the diagram below

» Determine the maximum angular speed of the rider in terms of g, 6, x and L.

+ X *
/ \ Ll T"ﬂ:ﬁg
/ / ' STowd

_ Fm}%:'&:‘u@:ﬁd’ = ’_‘.'.-g-

Fuers =Teos0- wy=0 > Te =g
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2002 Free Response Question 2

m/4 m
\u
T Bumper
h N\ k
l I‘t' Y \,aI 7,
Mech 2.

The cart shown above is made of a block of mass m and four solid rubber tires each of mass m/4 and radius r.

Each tire may be considered to be a disk. (A disk has rotational inertia % MIL? , where M is the mass and L is

the radius of the disk.) The cart is released from rest and rolls without slipping from the top of an inclined plane
of height A. Express all algebraic answers in terms of the given quantities and fundamental constants.

(a) Determine the total rotational inertia of all four tires.

(b) Determine the speed of the cart when it reaches the bottom of the incline.

(c) After rolling down the incline and across the horizontal surface, the cart collides with a bumper of negligible

mass attached to an ideal spring, which has a spring constant k. Determine the distance x,, the spring is
compressed before the cart and bumper come to rest.

(d) Now assume that the bumper has a non-neglible mass. After the collision with the bumper, the spring

is compressed to a maximum distance of about 90% of the value of x,, in part (c). Give a reasonable
explanation for this decrease.
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2006 Free Response Question 3

Mech 3.

A thin hoop of mass M, radius R, and rotational inertia MR? is released from rest from the top of the ramp of length
L above. The ramp makes an angle 8 with respect to a horizontal tabletop to which the ramp is fixed. The table is a
height H above the floor. Assume that the hoop rolls without slipping down the ramp and across the table. Express
all algebraic answers in terms of given quantities and fundamental constants.

(a) Derive an expression for the acceleration of the center of mass of the hoop as it rolls down the ramp.

(b) Derive an expression for the speed of the center of mass of the hoop when it reaches the bottom of the ramp.

(c) Derive an expression for the horizontal distance from the edge of the table to where the hoop lands on the floor.

(d) Suppose that the hoop is now replaced by a disk having the same mass M and radius R. How will the distance
from the edge of the table to where the disk lands on the floor compare with the distance determined in part (¢)
for the hoop?

Less than The same as Greater than

Briefly justify your response.
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2010 Free Response Question 2
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Note: Figure not drawn to scale.

Mech. 2.

A bowling ball of mass 6.0 kg is released from rest from the top of a slanted roof that is 4.0 m long and angled
at 30°, as shown above. The ball rolls along the roof without slipping. The rotational inertia of a sphere of

mass M and radius R about its center of mass is %M’R2 .

(a) On the figure below, draw and label the forces (not components) acting on the ball at their points of
application as it rolls along the roof.

(b) Calculate the force due to friction acting on the ball as it rolls along the roof. If you need to draw anything
other than what you have shown in part (a) to assist in your solution, use the space below. Do NOT add
anything to the figure in part (a).

(c) Calculate the linear speed of the center of mass of the ball when it reaches the bottom edge of the roof.

(d) A wagon containing a box is at rest on the ground below the roof so that the ball falls a vertical distance of
3.0 m and lands and sticks in the center of the box. The total mass of the wagon and the box is 12 kg.
Calculate the horizontal speed of the wagon immediately after the ball lands in it.
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2013 Free Response Question 3
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Note: Figure not drawn to scale.

Mech 3.

A disk of mass M = 2.0 kg and radius R = 0.10 m is supported by a rope of negligible mass, as shown above. The
rope is attached to the ceiling at one end and passes under the disk. The other end of the rope is pulled upward

with a force F, . The rotational inertia of the disk around its center is MR2/ 2.

(a) Calculate the magnitude of the force F, necessary to hold the disk at rest.

At time ¢ = 0, the force F, is increased to 12 N, causing the disk to accelerate upward. The rope does not slip on
the disk as the disk rotates.

(b) Calculate the linear acceleration of the disk.

(c) Calculate the angular speed of the disk at t=3.0s.

(d) Calculate the increase in total mechanical energy of the disk from t=0to¢=3.0s.

(e) The disk is replaced by a hoop of the same mass and radius. Indicate whether the linear acceleration of the
hoop is greater than, less than, or the same as the linear acceleration of the disk.

_ Greaterthan _ Lessthan __ The same as

Justify your answer.
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7.5 - Angular Momentum

Thursday, March 16, 2017 11:32 PM

Linear Momentum

Momentum is a vector describing how difficult it is to stop a moving object

Total momentum is the sum of individual momenta

o B=mb

Units are kg-m/s or N-s

Angular Momentum

 Angular momentum (L) is a vector describing how difficult it is to stop a rotating object
» Total angular momentum is the sum of individual angular momenta
« A mass with velocity % moving at some position # about point Q has angular momentum L,

« Units are kg:m?/s
Calculating Angular Momentum
e Lp=#xp=7xmb=(Fxb)m
divectron by RHR ®

-
yow

' la | =mursin 2=

}Z;,) = wwr®

Q

Spin Angular Momentum

» For an object rotating about its center of mass
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«c L=1
 This is known as an object's spin angular momentum
e Spin angular momentum is constant regardless of your reference point
Example 1: Object in Circular Orbit

» Find the angular momentum of a planet orbiting the sun. Assume a perfectly circular orbit

o

» Find the angular momentum for a 5-kg point particle located at (2,2) with a velocity of 2
m/s east

e About point O at (0,0)

- z|_ kg -mt
L’-o / ZMursin® *-@'JCZ)(H?-')@;J =20 Z3
» About point P at (2,0)
b T
g4
[L_: }3 mursing=(5)(2) (2 5iv90°= 2O =
» About point Q at (0,2)
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Angular Momentum and Net Torque
- o

NN 1 3 S NP
[ =¥ EEBIEL an e v

Conservation of Angular Momentum

» Spin angular momentum, the product of an object's moment of inertia and its angular
velocity about the center of mass, is conserved in a closed system with no external net
toques applied

« L=13
Example 3: Ice Skater Problem

» An ice skater spins with a specific angular velocity. She brings her arms and legs closer to
her body, reducing her moment of inertia to half its original value. What happens to her
angular velocity? What happens to her rotational kinetic energy?

Z_ = Tw W Jdovbles

11‘
ht  doble

Example 4: Combining Spinning Discs

:-éj}’w" Dwble K
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» A disc with moment of inertia 1 km-m? spins about an axle through its center of mass with
angular velocity 10 rad/s. An identical disc which is not rotating is slide along the axle until
it makes contact with the first disc.

« If the two discs stick together, what is their combined angular velocity?

L;:Ll‘-

Towy, = Loty

-1—0% 6 h’*)(fﬂly)
ET A

w’c =

Example 5: Catching While Rotating

» Angelina spins on a rotating pedestal with an angular velocity of 8 radians per second.

« Bob throws her an exercise ball, which increases her moment of inertia from 2 kg-m? to 2.5
kg-m?

» What is Angelina's angular velocity after catching the exercise ball? (Neglect any external
torque from the ball)

L=l> Jow,=Tpuw,

W . Towe o (kI (3% )=
T» 2.4 6y

2005 Free Response Question 3

red
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M2 | M)
Before Collision After Collision

TOP VIEWS

Mech. 3.

A system consists of a ball of mass M, and a uniform rod of mass M, and length 4. The rod is attached to a
horizontal frictionless table by a pivot at point P and initially rotates at an angular speed @ , as shown above

left. The rotational inertia of the rod about point P is %M d % The rod strikes the ball, which is initially at rest.
As a result of this collision, the rod is stopped and the ball moves in the direction shown above right. Express all
answers in terms of M;, M,, @, d, and fundamental constants.

(a) Derive an expression for the angular momentum of the rod about point P before the collision.

(b) Derive an expression for the speed v of the ball after the collision.

(c) Assuming that this collision is elastic, calculate the numerical value of the ratio M, /M, .
I
I I

Before Collision

(d) A new ball with the same mass M as the rod is now placed a distance x from the pivot, as shown above.
Again assuming the collision is elastic, for what value of x will the rod stop moving after hitting the ball?

d)f.gp:l_uf-

M w
b) LBPT- LRP = &%Zw - M;If'o’ => |/= = 2 My =>
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2014 Free Response Question 3

v,
i\ —0>
Yy
> h
m/20

Side View
Top View
Mech. 3.

A large circular disk of mass m and radius R is initially stationary on a horizontal icy surface. A person of mass
m/2 stands on the edge of the disk. Without slipping on the disk, the person throws a large stone of mass m/20
horizontally at initial speed v, from a height 4 above the ice in a radial direction, as shown in the figures above.
The coefficient of friction between the disk and the ice is u . All velocities are measured relative to the ground.

The time it takes to throw the stone is negligible. Express all algebraic answers in terms of m, R, v,, h, u, and
fundamental constants, as appropriate.

(a) Derive an expression for the length of time it will take the stone to strike the ice.

(b) Assuming that the disk is free to slide on the ice, derive an expression for the speed of the disk and person
immediately after the stone is thrown.

(c) Derive an expression for the time it will take the disk to stop sliding.
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Top View

The person now stands on a similar disk of mass m and radius R that has a fixed pole through its center so that it
can only rotate on the ice. The person throws the same stone horizontally in a tangential direction at initial speed

v, , as shown in the figure above. The rotational inertia of the disk is mR? / 2L

(d) Derive an expression for the angular speed @ of the disk immediately after the stone is thrown.

(e) The person now stands on the disk at rest R/2 from the center of the disk. The person now throws the
stone horizontally with a speed v, in the same direction as in part (d). Is the angular speed of the disk

immediately after throwing the stone from this new position greater than, less than, or equal to the angular
speed found in part (d) ?

Greater than Less than Equal to

Justify your answer.

o0 ' —
AR R
| d, :}

3omvIMY=0 5> 30vskz0=> V = L2

T Z
D T 2 huit ¢ B e B T oy
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8.1 - Oscillations

Thursday, March 16, 2017 11:32 PM

Simple Harmonic Motion

» Simple harmonic motion (SHM) is motion in which a restoring force is directly
proportional to the displacement of an object

» Nature's response to a perturbation or disturbance is often SHM

Circular Motion vs. SHM

w9l [wat s[do =

| ‘\‘D %<0 <0

) : wt: 0
r =< Acosl,Asinf >

Ix € °

;ﬁ + —‘,Y =0
k n‘—> Y[") — Acas (wf>
xz%-A x=0 xiA W= 1)?“

Position, Velocity, Acceleration
6= wt
X(€)= Heos éw‘f)

U"'%: ﬁ,(ﬁcm[uﬁ')>= -wﬂﬁn(wé) Viag= W A

:%:s?; :ﬁ(—wﬂiluwﬁ)z'wtﬁ‘a‘(w) Oway > wA

Frequency and Period
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e Frequency

o Frequency is the number of revolutions or cycles which occur each second

o

Symbol is f

O

Units are 1/s, or Hertz (Hz)

f number of cycles number of revolution
O = =
second second

e Period
o Period is the time it takes for one complete revolution, or cycle.
o Symbolis T
o Unites are seconds (s)
o T = time for 1 cycle = time for 1 revolution

 Relationship

Angular Frequency

« Angular frequency is the number of radians per second, and it corresponds to the
angular velocity for an object traveling in uniform circular motion

« Relationship

2n

o a)=2nf=—T—
T=2 !
o = TL'(A)—f
w 1
°I=%TT

Example 1: Oscillating System

e An oscillating system is created by a releasing an object from a maximum

displacement of 0.2 meters. The object makes 60 complete oscillations in one
minute

« Determine the object's angular frequency

w:Z.n--F = 24() )= 247 %
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» What is the object's position at time t=10s?

fﬂ-ﬁmfﬂ'e) woza

———— x = OZcos (zot) Leos

X O\Z cos (2o 10) -T-'/O.Z W /

e At what time is the object at x=0.1m?

Y= 4:0;(2«*) P cas(zn-é) ='}-?7 2t = Co;'[-;) =

-4 " "/t)
L= Co'(X/4) _ cos = 'é )
v 2 16 %

Mass on a Spring

K «—>
m
t f }
X=-A x=0 X=A

_}',;,___L 2 L[E Z#-F:J/é.

Ts -z U™ cb)_?ﬂ?ufw Ly = 20t

0: @ =£
Example 2: Analysis of Spring-Block System

» A 5-kg block is attached to a 2000 N/m spring as shown and displaced a distance
of 8 cm from its equilibrium position before being released.

» Determine the period of oscillation, the frequency, and the angular frequency for
the block
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P . e

g P z«ﬁ Zﬂ"d/ > lous |
- L =By He]

od
W= z‘y.F = Zﬂ'(’-’q ”">:k£:/i]

General Form of SHM

5
d”x 2

. =0
dt”

X (&)= Aeos (wt+0)

Graphing SHM
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x(t) = Acos(wt)

» Wi
-A
v z 4 E 27
2 2
A x(1) = Asin(wt)
0 > Wi
-A
' z T Sl 27
2 2
Energy of SHM

» When an object undergoes SHM, kinetic and potential energy both vary with time,
although total energy (E=K+U) remains constant

Physics C Mechanics Page 121



W= SEJ;‘S'*#IJx"k }b kx? Us

X(6) = Aeoslut) => Us Lk (Peos b)) = £ <47
“wﬂsin[wf‘) => K= ""I'Uz"l ""[Wﬂ'nn(w&ﬂl

PR koL kdsint (k)

2 CU"')

v(€): % % =
.% w W I? sin [u-f')
E=Kk+U = L kA% () + LkAeod (k)
E= L kAT
Horizontal Spring Oscillator
k e

—

X=A

é w"’f =-kx % k"/z..
e

II —

F=ma= —lx

X(4) > Heos (wt+) w=E,

Vertical Spring Oscillator
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Springs in Series
ki k>
%—mi m
x:I-A xlzl.'] I;ﬂi

Fz-kx =~kexe 2 %5 5 g

= <ke
F — "’k% (3.4&)'57 F= -k.‘ (% Xy T Xy _E'____—

c ke =t (84) D ke kg (8 1)) >

L
J'kq-k' +'-FJT
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Springs in Parallel

ki .
K2 m
X=- x=0 Xx=A

F=ky+ kx = krk)x
(k;'f"kt X:) X

Ke% = k. 'i"}fc

The Pendulum

» A mass mis attached to a light string that swings without friction about the vertical
equilibrium position
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Elﬂl
X
“ -
Frequency and Period of a Pendulum
T =27 \/_7_ s 1 |g
g 2w N 1
“ @  Note: Assume 0 is small
- due to small angle
approximation.
1| F T 22
g slope > 4/9
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Period of a Physical Pendulum

The Physical Pendulum

’\ A physical pendulum is an oscillating body that

- rotates according to the location of its center of
mass rather than a simple pendulum where all the
L mass is located at the end of a light string.

Frsmb=1t=1a

_ ' - =1
megsinfd =Ilee, d /2

—megd = la  if8<<<,sinf@ =46

a+ (Mg _ ¢

1/
It is important to understand - 5
that “d” is the lever arm W= ’ﬁj w=2%
distance or the distance from ! r

the COM position to the point of ]
rotation. It is also the same “d” in T vsicat pendutum = 27 —
the Parallel Axes theorem. 8

Example 3: Deriving Period of a Simple Pendulum
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Example 4: Deriving Period of a Physical Pendulum
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Example 5: Summary of Spring-Block System
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Example 6: Harmonic Oscillator Analysis

» A 2-kg block is attacked to a spring. A force of 20 N stretches the spring to a
displacement of 0.5 meter

The spring constant

Fekx > k=3 = 2o ko 4.

ol

The total energy

€2l > Shet= 4 (v0k)(5) =[5 T

The speed at the equilibrium position

Us=K --%HUE=€T='7 (V= g %E) -:.]_:_Z,Z‘-F 2% )

The speed at x=0.30 meters
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f—r”U; +K = Jz‘kl’t -}'-.{HI'U?' =) Ivt: Zf-,.-"krrﬁ; V= sTZ?-r:k; =>

e The speed at x=-0.4 meters

- z fT"er - Z(‘i)-‘-fu_(..v]" :},.3?%
v ' ol z ,___K

» The acceleration at the equilibrium position

@ x=0, F=o ..|a=0
« The magnitude of the acceleration at x=0.5 meters.

F=<kx= (=40 .5)=zow

a= L= 22 [/c?f-z.f

» The net force at eqU|I|br|um position

@ eyt az0, =0

¢ The net force at x=0.25 meter

F=kx= G‘fﬂ){u?i) ==low

» Where does kinetic energy = potential energy

Us‘-"Z.‘;..")':-‘iErz > yt= ZC:::O: A2ZS wt =>

X = 1}:;;: 0. 3SYwmn

Example 7: Vertical Spring Block Oscillator
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Y

o A 2-kg block attached to an un-stretched spring of spring constant k=200 N/m as
shown in the diagram below is released from rest. Determine the period of the
block's oscillation and the maximum displacement of the block from its equilibrium
while undergoing simple harmonic motion.

T; =20 % = 2 1) & =[0.63s)

Uﬂ:u‘ﬁ? jlfg.d?__ = %kdyt':-'?dj: g%

fH=22. Tma _ w9 _ F)(39) ID’ )
2 2k ~ K - = [ e
200 —
2009 Free Response Question 2
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-
Mech. 2.

You are given a long, thin, rectangular bar of known mass M and length £ with a pivot attached to one end.
The bar has a nonuniform mass density, and the center of mass is located a known distance x from the end with
the pivot. You are to determine the rotational inertia I, of the bar about the pivot by suspending the bar from the

pivot, as shown above, and allowing it to swing. Express all algebraic answers in terms of 7, , the given
quantities, and fundamental constants.

(a)

i. By applying the appropriate equation of motion to the bar, write the differential equation for the angle 6
the bar makes with the vertical.

ii. By applying the small-angle approximation to your differential equation, calculate the period of the bar’s
motion.

(b) Describe the experimental procedure you would use to make the additional measurements needed to
determine /. Include how you would use your measurements to obtain /, and how you would minimize

experimental error.

(c) Now suppose that you were not given the location of the center of mass of the bar. Describe an experimental
procedure that you could use to determine it, including the equipment that you would need.

¥ -2
a) Lver> I “% b) For swel/ B, siul %O

¢ I “Mgx © = Iyg =
~ Mgy sin6=Tp o

ot
0 d% e
-ﬂgrsn'19= Il Sex T + n&-'o

-Zﬂ»‘.___ﬁ*__
L SR = 2
o I

.
Troe T > T Bl T |

&) B-ﬂu{

b)
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2010 Free Response Question 3

Mech. 3.
A skier of mass m will be pulled up a hill by a rope, as shown above. The magnitude of the acceleration of the
skier as a function of time ¢ can be modeled by the equations

a= amaxsmﬂ?t O< t<T)

=0 =zT),
max and T are constants. The hill is inclined at an angle 6 above the horizontal, and friction between the
skis and the snow is negligible. Express your answers in terms of given quantities and fundamental constants.

where a

(a) Derive an expression for the velocity of the skier as a function of time during the acceleration. Assume the
skier starts from rest.

(b) Derive an expression for the work done by the net force on the skier from rest until terminal speed is reached.
(c) Determine the magnitude of the force exerted by the rope on the skier at terminal speed.

(d) Derive an expression for the total impulse imparted to the skier during the acceleration.

(e) Suppose that the magnitude of the acceleration is instead modeled as a = a_,, e forall t > 0 , where

a,.. and T are the same as in the original model. On the axes below, sketch the graphs of the force exerted

by the rope on the skier for the two models, from 7 = 0 to a time ¢ > T . Label the original model F; and the

new model F,.

t 17
a) V= gafﬁ)o*" Sa,.*si"{"bé:ﬁ; a"'y;}.- siv ﬂ’j‘.{:‘”
] o

92

=

(v "
b) lu'T—AK": K;'*kl- = 'éﬂh"pz--%’ > U‘F_.'-U(T): %(}--1)

~
W=z"( —g= e
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9.1 - Gravity & Orbits

Thursday, March 16, 2017 11:32 PM

Newton's Law of Universal Gravitation

Gmm, .
[
b4 r-—
— —11 Nem®
G=6.67x10 AE:
|
1
<l BN
A
e
\“\
M‘"m.%_
distance .

Gravitational Field Strength
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Gravitational Field of a Hollow Shell

« Inside a hollow sphere, the gravitational field is 0. Outside a hollow sphere, you can treat
the sphere as if it's entire mass was concentrated at the center, and then calculate the
gravitational field

lllustrmtion Cowrtesy of Dominbgue Toussmint

Gravitational Field Inside a Solid Shell

» Outside a solid sphere, treat the sphere as if all the mass is at the center of the sphere.
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Inside the sphere, treat the sphere as if the mass inside the radius is all at the center. Only
the mass inside the "radius of interest" counts

Period and Frequency for Circular Orbits
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Escape Velocity

T -
§= K+l=O=> 3 MV - _!"Te.f’-.-c:

"7J—JM¢U.- G’:*_ﬁ __;_,vt 26GM,

o
Vo = 252 j

Kepler's Frist Law of PIanetary Motion

» The orbits of planetary bodies are ellipses with the sun at one of two foci of the ellipse
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P1

P4

Area 1 = Area 2 >

Planet moves
from Pato P4 in
same time t

Kepler's Second Law of Planetary Motion

« If you were to draw a line from the sun to the orbiting body, the body would sweep out
equal areas along the ellipse in equal amounts of time.
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P4

Area 1 = Area 2 By

Planet moves
from Pato P4in

same time t
Kepler's Third Law of Planetary Motion

» The ratio of the squares of the periods of two planets is equal to the ratio of the cubes of
their semi-major axes.

» The ratio of the squares of the periods to the cubes of their semi-major axes is referred to
as Kepler's Constant
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PointB ¥

Total Mechanical Energy for an Elliptical Orbit

E= Kell= W/ =00 = g=-C0

Velocity and Radius for an Elliptical Orbit

semi-minor axis (b)

semi-major axis (a)

Point A
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Example 1: Rocket Launched Vertically

» A rocket is launched vertically form the surface of the Earth with an initial velocity of 10
km/s. What maximum height does it reach, neglecting air resistance?

» Note that the mass of the Earth (m) is 6*10%* kg and the radius of the Earth (Rg) is 6.37*108
m. You may not assume that the acceleration due to gravity is constant.

2R
l - 6’0" - - G"QWI — @‘
K; J‘U‘- ’I‘QJ—U& = le“t\l -——R-; =0 =¥ =>

26w _ 26wy 1 vt Zem 5 L
V-l- “?; . "'EJ =7 4 2”,’- z‘*,,?' 7 R Gw,

- -(la,on ¢ | "
i - v F = E=3.R'10m
5 2(5-6740.")(6‘10") 63240 7

h: n-Rz-‘- 3.'2-/07."-6-37-/065« :Wm

2007 Free Response Question 2

Mech. 2.
In March 1999 the Mars Global Surveyor (GS) entered its final orbit about Mars, sending data back to Earth.

Assume a circular orbit with a period of 1.18 x 10? minutes = 7.08 x 10® s and orbital speed of 3.40 x 10° m/s .
The mass of the GS is 930 kg and the radius of Mars is 3.43 x 10° m.

(a) Calculate the radius of the GS orbit.
(b) Calculate the mass of Mars.

(c) Calculate the total mechanical energy of the GS in this orbit.

(d) If the GS was to be placed in a lower circular orbit (closer to the surface of Mars), would the new orbital period
of the GS be greater than or less than the given period?

Greater than Less than

Justify your answer.

(e) In fact, the orbit the GS entered was slightly elliptical with its closest approach to Mars at 3.71 x 10° m
above the surface and its furthest distance at 4.36 x 10° m above the surface. If the speed of the GS at
closest approach is 3.40 x 10> m/s, calculate the speed at the furthest point of the orbit.
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Sample Questions

Wednesday, April 5, 2017 5:57 PM

Question 6

If the resultant of all the external forces acting on a system of particles is zero, then from an
inertial frame,

one can surely say that:

1: Linear momentum of the system does not change in time.

2: Kinetic energy of the system does not change in time.

3: Angular momentum of the system does not change in time.

4: Potential energy of the system does not change in time.

My attempt ( I will for moment assume that my system of particle might be a rod)

I can surely see that since net external force has a resultant 0 it easily implies that Linear
momentum remain conserved. (A)

The net external forces may be 0 but the net torque may or may not be 0 hence the body may start
to rotate about some axis and gain Totational Kinetic energy, Rlence answer (B) 1S Incorrect.

Also, Following from above net torque acting on system may not be zero Angular momentum is not
conserved. (C) is incorrect.

Equilibrium Summary

There are two necessary conditions for equilibrium

The resultant external force must equal zero:
>F=0

2 This is a statement of translational equilibrium

2 The acceleration of the center of mass of the object must be zero
when viewed from an inertial frame of reference

The resultant external torque about any axis must
be zero: Xt =0

o This is a statement of rotational equilibrium
2 The angular acceleration must equal zero
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1998 Multiple Choice

Thursday, March 23, 2017 11:00 PM

Question 17
5> >
U=-|F-dr
ref

Why
negative

Question 20

20. Two identical stars, a fixed distance D apart,
revolve in a circle about their mutual center of
mass, as shown above. Each star has mass M and
speed U. G is the universal gravitational constant.
Which of the following 1s a correct relationship
among these quantities?

(A) v = GM/D
(B) v~ = GM/2D
(€) v’ = Gm/D*
(D) MGD
(E) v* =26M*/D

L
[
(]

i
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~ —_‘ " % Dt z#
T GN
V=35 ®
Question 33
I
E—
force x linear distance
power = :
time
torque
( 1 ) X (r x angular speed x t)
r

t

= torque X angular speed.
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2004 Multiple Choice

Wednesday, April 19, 2017 12:58 AM

Question 8

T

h

I

A sphere of mass M, radius r, and rotational
inertia / is released from rest at the top of an inclined
plane of height & as shown above.

Conservation of Energy  We now can consider the kinetic energy in two parts, rotation and translation

2
Vv
K= %mvz of the center of mass. Then Mgh =%M'r’fm + %Imz = %Mvim + %I(%J
Kmr = % 1w’ Solving for v, yields M
I+ Mr*
V. = I
Question 17
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Board

Skater

o—-|--

Top View

A long board is free to slide on a sheet of
frictionless ice. As shown in the top view
above, a skater skates to the board and hops
onto one end, causing the board to slide and
rotate. In this situation, which of the following
occurs?

(A) Linear momentum is converted to angular
momentum,

(B) Kinetic energy is converted to angular
momentum.

(C) Rotational kinetic energy is conserved.

(D) Translational Kinetic energy is conserved.

(E) Linear momentum and angular momentum
are both conserved.

* No net external torque --> no change in angular momentum

» No net external force --> no change in linear momentum

Question 25
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25. As shown above, two students sit at opposite ends
of a boat that is initially at rest. The student in the
front throws a heavy ball to the student in the back.
What is the motion of the boat at the time immedi-
ately after the ball 1s thrown and, later, after the
ball is caught? (Assume that air and water friction
are negligible.)

 After ball tossed it has momentum toward back so the boat must have forward momentum

to maintain the zero initial momentum.

» After the catch both the ball and boat the two must be at the same speed and this must be
at rest to have momentum zero as it was originally

Question 29

T=2n,ﬁ£
k

» Neither the mass, M, nor the spring constant, k, depend on the gravitational force of the

planet.

Question 33
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2vysing

Time of flight, t = —.02 10
g

2 i 2

. . VvEsin“o

Maximum height réached, H = m‘?%---w
2

vasin2d

Horizontal range, R = ~Fis
g

The 45° angle gives the maximum horizontal
travel to the original elevation, but the smaller
angle causes the projectile to have a greater
horizontal component of velocity, so given the
additional time of travel allows such a trajectory
to advance a greater horizontal distance. In other
words given enough time the smaller angle of
launch gives a parabola which will eventual cross
the parabola of the 45° launch.

Question 34
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A car travels forward with constant velocity. It
goes over a small stone, which gets stuck in the
groove of a tire. The initial acceleration of the
stone, as it leaves the surface of the road, is

(A) vertically upward

(B) horizontally forward

(C) horizontally backward

(D) zero

(E) upward and forward, at approximately 45°
to the horizontal |

» The path of a point on the rim of a non-slipping rolling wheel is a cycloid.

RYRY

Question 35

» Escape speed

V =11.2 km/s

escape

I ., GMm
—my =
2 r
- [26m
escape r

e Orbital speed

GMm mu?
pasaan m:} 1)
2 B
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2009 Multiple Choice

Wednesday, April 19, 2017 1:11 AM

Question 7

p _ B0 Amo) _ Am
met =AY T At At

Question 11

ﬂ(‘l/ﬂf“ iy r]ai’ﬂv‘mvﬁa f']ﬂr\ A Y OO f‘\f
Guihvd Vv vl il Wi Liidon U

Jupiter. Knowing which of the following about
Jupiter and one of its moons will allow the
determination to be made?

1 1 A ctnident 1{:

I L A s

I. The time it takes for Jupiter to orbit the Sun
II. The time it takes for the moon to orbit
Jupiter
II1. The average distance between the moon and
Jupiter

An application of Kepler’s Third Law;

ﬂ _GM

T2 A4
If you know both r and 7', you can find the mass M. Alternatively, use the satellite equation (for a circular
orbit, which may or may not be true):

P _mUQ_GMm:}E_GM
net — r - ’.*"2 - r

For a circular orbit, v = 27 /T, so you recover Kepler’s Third Law (which is true even for elliptical orbits,
with a, the ellipse’s semimajor axis, replacing the radius r.)

Question 19
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e When a=0, y= tanf

Question 21

Center of
Mass of
System

Center
of
M/'l/-\N\/\W\-
d

- L :

A person is standing at one end of a uniform raft
of length L that is floating motionless on water,
as shown above. The center of mass of the person-
raft system is a distance d from the center of the
raft. The person then walks to the other end of the
raft. If friction between the raft and the water is
negligible, how far does the raft move relative to
the water?

» After the person has walked to the other end, the situation must be the mirror image of this one; the
center of mass will be shifted to a distance d to the left of the center of the raft.

» But the center of mass cannot move as the person walks on the boat.
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» Therefore, the boat must have moved a distance 2d to the right.

Question 24

A solid cylinder of mass m and radius R has a
string wound around it. A person holding the string
pulls it vertically upward, as shown above, such that
the cylinder is suspended in midair for a brief time
interval At and its center of mass does not move.
The tension in the string is 7, and the rotational

. : : |
inertia of the cylinder about its axis 1s "2—mR2 :

24. The linear acceleration of the person’s hand
during the time interval Ar is

(A) ﬂ
m

(B) 2g .

s
©) 3

o) L
iy
(E) zero
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(E) zero

There is an associated, famous problem about dropping a spool (with the cord held by a motionless hand).
In that case, you write Newton’s Second Law for the forces

Foet =mg—T =ma

and for the torques,
t=TR=JIa=I(a/R)

where one associates a with acm. Then T' = Ia/R? and

= o= Tal B® W .
ma=mg—Ia/R* = a m+ (/)

The problem here is, of course, that the center of mass acceleration is zero. In fact you have to think a little
more carefully. The typical relationship for rolling without slipping, a = aR, still holds, but now it is the
tangential acceleration of the rim, which is equal to the upward acceleration of the cord (and the hand.)
Generally in rolling without slipping (on a horizontal surface, for example), the rim’s acceleration is the same
as the center of mass’s; that isn’t true here. Here, the center of mass doesn’t move at all during the time
interval At. But we can still say, with a the acceleration of the rim (equal to the acceleration of the hand),

¥ =TR=loi= I(a/R)
From the previous problem, we know 7' = mg. Then
mgR = I(a/R) = }mR? x (a/R) = imaR

Cancel mR on both sides, multiply both sides by 2 and obtain a = 2g. Unsurprisingly, 90% of those who
took the test got this one wrong.

Question 25

A figure skater goes into a spin with arms fully
extended. Which of the following describes
the changes in the rotational kinetic energy and
angular momentum of the skater as the skater’s
arms are brought toward the body?

The angular momentum cannot change, because there are no external torques. On the other hand, we have
the useful formulas

2 2
P _ L
=om 2d K=37

As the skater’s arms come in, I, which depends on the square of the average distance of mass from the axis,
is getting smaller. Since the kinetic energy depends directly on the square of the angular momentum and
inversely on the moment of inertia, and I here decreases, it follows K increases. Also, work has to be done
to draw the arms in; this work goes into increased kinetic energy.

Question 32
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Tabletop

Three identical disks are initially at rest on a
frictionless, horizontal table with their edges
touching to form a triangle, as shown in the top
view above. An explosion occurs within the
triangle, propelling the disks horizontally along
the surface. Which of the following diagrams
shows a possible position of the disks at a later
time? (In these diagrams, the triangle is shown in
its original position.)

e The center of mass cannot move
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Free Response 1999-2001

201745 AH8H E— 4-1:38

1999 Free Response

Question 3

String

[ |

As shown above, a uniform disk is mounted to an axle and is free to rotate without friction. A thin
uniform rod is rigidly attached to the disk so that it will rotate with the disk. A block is attached to
the end of the rod. Properties of the disk, rod, and block are as follows.

Disk: mass = 3m radius = R moment of inertia about center I, = %mﬂz

Rod:  mass = m_length = 2R moment of inertia about one end Iz = %mR2

Block: mass = 2m

The system is held in equilibrium with the rod at an angle €y to the vertical, as shown above, by a
horizontal string of negligible mass with one end attached to the disk and the other to a wall. Express
your answers to the following in terms of m, R, 6, and g.

(a) Determine the tension in the string.
For indicating that the net torque is zero, or that the clockwise and
counterclockwise torques are equal
For a correct expression for the torque exerted by the rod
T, =mgRsing,

For a correct expression for the torque exerted by the block

T = 2mg(2R)sinb, = 4mgRsin O,

For a correct expression for the torque exerted by the string

Toring = 118

For adding the counterclockwise torques and setting the sum equal to the

clockwise torque (this point not awarded for just one torque)
TR = 4mgRsin 8, + mgRsin 6,

T =5mgsing,

Physics C Mechanics Page 160



[ J

As the disk rotates, the rod passes the horizontal position shown above.

(c) Determine the linear speed of the mass at the end of the rod for the instant the rod is in the
horizontal position.
For indicating that energy is conserved
For indicating that the potential energy of two bodies (the rod and the block) changes
AU = mgh_, + mghy, .
For the correct expressions for these two potential energies
AU = mgR cos 8, + 2mg(2R) cos g,
For indicating the correct kinetic energy when the rod is horizontal

K :lfru:
2

Equating the kinetic and potential energies, and solving for the angular speed

%f% mR’ Jm: = mgRcos@, + 4mgR cosl,
\
_ (12gcosb,
\[ 13R
For using the relationship between linear and angular speed, and substituting

@ and the correct radius, 2R
v=ar

12gcosf, \|(2 R)=4 3gRcosl,
7 \’ 13R L E

2000 Free Response

Question 2
) &

A pulley of radius R, and rotational inertia /, is mounted on an axle with negligible friction. A light cord passing
over the pulley has two blocks of mass m attached to either end, as shown above. Assume that the cord does not slip
on the pulley. Determine the answers to parts (a) and (b) in terms of m, R,, I}, and fundamental constants.
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(b) One block is now removed from the right and hung on the left. When the system is released from rest, the

three blocks on the left accelerate downward with an acceleration % Determine the following.
i. The tension T in the section of cord supporting the three blocks on the left

ii. The tension T in the section of cord supporting the single block on the right
iii. The rotational inertia I; of the pulley

i. 2 points T‘B

9
la= 3

IF = ma
For correct substitutions into Newton's second law

dmg - 15 = 3n{-§-)

For a correct solution for T3

T, =2mg
il. 2 points

T,
9
o= 5
fe=3

™3

LF = ma

For correct substitutions into Newton's second law

me -}

For a correct solution for T;

4
h=gmg
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ii'i.. 4 points

Forr = lja

=42 __8

For 7 = (T, - T)R,
For correct substitutions into ¢ = /;@ and solution for /;

ome - ) 135

I, = 2mR}?
fion

Use conservation of energy, AE = AK + AU =0
For AK = -AU :

] 1 v
For AK = -i-mvz +~5(3m)'u2 + -i-,-llwz . where @ = x

vl 3P

For AU = mgh — 3mgh = —2mgh , where h = % =g

For correct substitutions and solution for /[,
Il = ZMRIZ

2001 Free Response

Question 2

(c) Suppose that the injection of the satellite into orbit is less than perfect. For an injection velocity that differs
from the desired value in each of the following ways, sketch the resulting orbit on the figure. (J is the center
of Jupiter, the dashed circle is the desired orbit, and P is the injection point.) Also, describe the resulting
orbit qualitatively but specifically.

i. When the satellite is at the desired altitude over the equator, its velocity vector has the correct
direction, but the speed is slightly faster than the correct speed for a circular orbit of that radius.

ii. When the satellite is at the desired altitude over the equator, its velocity vector has the correct
direction, but the speed is slightly slower than the correct speed for a circular orbit of that radius.
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2. (c) i. 3 points

For stating that the orbit is an ellipse 1 point
For diagram with orbit drawn completely outside the circle with point of contact only at 2 points
point P and major axis along PJ.

Partial credit of 1 point awarded for any path or orbit completely outside the circle.
No points were awarded in any part of path or orbit was inside the circle.

2.(c)ii. 3 points

Distribution
of Points
For stating that the orbit is an ellipse 1 point
For diagram with orbit drawn completely inside the circle with point of contact only at 2 points

point P and major axis along PJ.
Partial credit of 1 point awarded for any path or orbit completely inside the circle.
No points were awarded if any part of path or orbit was outside the circle.

Question 3

Experiment A

Mech 3.

A light string that is attached to a large block of mass 4m passes over a pulley with negligible rotational inertia
and is wrapped around a vertical pole of radius r, as shown in Experiment A above. The system is released from
rest, and as the block descends the string unwinds and the vertical pole with its attached apparatus rotates. The
apparatus consists of a horizontal rod of length 2L, with a small block of mass m attached at each end. The
rotational inertia of the pole and the rod are negligible.

(b) Determine the downward acceleration of the large block.
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3.(b) 6 points

For a correct expression of Newton’s 2nd law
F=ma

For correct substitutions into Newton’s law
4mg —T = 4dma

For a correct formula for torque
T=[o or Tr

loo=Tr

I
r="%
;

From Newton’s 2nd law equation above:
T'=4mg—4ma
Substituting into the torque equation:

o _ 4mg —4dma
P

For substituting the expression for / from part (a) into Newton’s law
2mLla
r

For the expression e =a /r
Substituting this expression into the previous equation:

2mlL’a

=4mg —4ma

" =4mg —4ma
For the correct answer
2 2
a= 2 g?‘ 2
L +2r

(c) When the large block has descended a distance D, how does the instantaneous total kinetic energy of the
three blocks compare with the value 4mgD ? Check the appropriate space below.

Greater than 4mgD Equal to 4mgD Less than 4mgD
3.(c) 3 points

For correctly checking the space in front of “Equal to 4mgD”

For correct justification, such as “The kinetic energy gained by the two smaller blocks
comes from the decrease in the potential energy of the 4m block.” OR “Total energy
is conserved.”
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Experiment B

The system is now reset. The string is rewound around the pole to bring the large block back to its original
location. The small blocks are detached from the rod and then suspended from each end of the rod, using strings

of length £. The system is again released from rest so that as the large block descends and the apparatus rotates,
the small blocks swing outward, as shown in Experiment B above. This time the downward acceleration of the
block decreases with time after the system is released.

(d) When the large block has descended a distance D, how does the instantaneous total kinetic energy of the
three blocks compare to that in part (c) ? Check the appropriate space below.

Greater Equal Less

3.(d) 3 points

For correctly checking the space in front of “Less”
For correct justification, such as “The small blocks rise and gain potential energy. The

total energy available is still 4mgD. Therefore the kinetic energy must be less than
in part (¢).”
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Free Response 2002-2004

201745 H8H Af— F41:38

2002 Free Response

Question 2

Mech 2.

The cart shown above is made of a block of mass m and four solid rubber tires each of mass m/4 and radius r.
Each tire may be considered to be a disk. (A disk has rotational inertia % ML?, where M is the mass and L is
the radius of the disk.) The cart is released from rest and rolls without slipping from the top of an inclined plane
of height h. Express all algebraic answers in terms of the given quantities and fundamental constants.

(b) Determine the speed of the cart when it reaches the bottom of the incline.
(b) 7 points

For an indication of the conservation of mechanical energy
Ep = Epoyom s AU =—AK ; or equivalent

For correct expressions for energies at the top
1
Koy =0 Uy, =mgh +4( meh)| = 2mgh

For a correct expression for potential energy at the bottom and for recognizing
that kinetic energy at the bottom is the sum of translational and rotational

kinetic energies
Uboﬂom = 05 Kbo!!om = Krmn.s' + Kro.! I

For a correct expression for translational kinetic energy at the bottom

Kyane =5 (2m)0* =mo?

For a correct expression for rotational kinetic energy at the bottom

K, = %mz
For recognition of the relationship between translational and rotational velocity
0=?

¥
Substituting these expressions to determine total kinetic energy at the bottom

2
o2 11 a2lp” 5 2

Ky piiom =m0 +E[Emr )F—2 =Zmv
Setting potential energy at the top equal to the kinetic energy at the bottom
%mu2 =2mgh

For the correct solution for v
/8
=.|—gh
v 5 g

Question 3
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(c) Suppose that the object is released from rest at the origin. Determine the speed of the particle at x =2 m.

In the laboratory, you are given a glider of mass 0.5 kg on an air track. The glider is acted on by the force

determined in part (b). Your goal is to determine experimentally the validity of your theoretical calculation in

part (c).

(d) From the list below, select the additional equipment you will need from the laboratory to do your experiment
by checking the line next to each item. If you need more than one of an item, place the number you need on

the line.
__ Meterstick ___ Stopwatch ___Photogate timer ~ _ String ___Spring
___ Balance __ Woodblock ___ Set of objects of different masses

(e) Briefly outline the procedure you will use, being explicit about what measurements you need to make
in order to determine the speed. You may include a labeled diagram of your setup if it will clarify your
procedure.

(d) 2 points

For indicating items of equipment consistent with the procedure described in part (e)
(at least two of the items if more than two were used)

Note: If part (e) was not attempted, only 1 point maximum was awarded. Unreasonable
indications, such as all the items being checked, were not awarded any points.

(e) 3 points

For a complete description of any correct procedure.
Partial credit was awarded for less complete descriptions. The following were common
examples. Other examples, though rarely cited, could receive partial or full credit.
Using photogates
Place the photogates near x = 2 m and a small distance apart (such as a glider length).
Measure the distance between the photogates. Measure the time the glider takes to
travel between the photogates Obtam the speed ﬁom dlstance/tlme

[

tnme to travel 2 m was used.
2. Using a spring
The spring constant & of the spring must be known, or if not, then measured. Set up
the spring at x = 2 m so that it is compressed when struck by the glider. Measure the
distance of maximum compression x,, . The velocity can then be determined from the

equation%kx,,l = %mv2 :

3. Treating the glider as a projectile
Adjust the starting point so that x = 2 m is at end of the track. Thus the glider leaves
the track at this point and becomes a projectile. The height of the track determines
the time interval ¢ that the glider is in the air. The horizontal distance x from the end
of the track to the point where the glider hits the ground is measured and then the

velocity is computed from x/t.

2003 Free Response

Question 2
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Mech. 2.

An ideal spring is hung from the ceiling and a pan of mass M is suspended from the end of the spring, stretching
it a distance D as shown above. A piece of clay, also of mass M, is then dropped from a height H onto the pan
and sticks to it. Express all algebraic answers in terms of the given quantities and fundamental constants.

(c) Determine the period of the simple harmonic motion that ensues.

For use of the correct equation for the period of a mass on a spring

i"=2zfr\[E
k

For recognition that m =2M
For correct calculation of & using the force equation for the initial stretching of the spring

g = kD, giving k=%

For the correct answer after substituting for m and &

T=2r Z—D
\ g

Question 3
e :f] —-q___‘
12m ‘\‘
‘\
| 12m JI2 mI \
..... I_! fs - ‘Irlo.; \\‘
3m| 4 B 3 mT ,',E\\ '\‘
- : |
Figure 1 Figure 2
Mech. 3.

Some physics students build a catapult, as shown above. The supporting platform is fixed firmly to the ground.

The projectile, of mass 10 kg, is placed in cup A at one end of the rotating arm. A counterweight bucket B that is to
be loaded with various masses greater than 10 kg is located at the other end of the arm. The arm is released from the
horizontal position, shown in Figure 1, and begins rotating. There is a mechanism (not shown) that stops the arm in
the vertical position, allowing the projectile to be launched with a horizontal velocity as shown in Figure 2.

(b) The students assume that the mass of the rotating arm, the cup, and the counterweight bucket can be neglected.
With this assumption, they develop a theoretical model for x as a function of the counterweight mass using the

relationship x = v t, where v _ is the horizontal velocity of the projectile as it leaves the cup and ¢ is the time
after launch.

i. How many seconds after leaving the cup will the projectile strike the ground?

iil. Derive the equation that describes the gravitational potential energy of the system relative to the ground
when in the position shown in Figure 1, assuming the mass in the counterweight bucket is M.

iii. Derive the equation for the velocity of the projectile as it leaves the cup, as shown in Figure 2.
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ii. (3 points)
For determining the potential energy of both the load in the counterweight bucket and
the projectile
For the correct value of the potential energy of the bucket load
U, =mgh=M (9.8)3=29.4M
For the correct value of the potential energy of the projectile
U,=mgh=(10)(9.8)3=2%

U,, =U,+U,=29.4M +294  (or 30M + 300 using g =10m/s’)

imit

iii. (5 points)

For a valid statement or equation indicating conservation of energy 1 point
For the correct final potential energy of the bucket load 1 point
For the correct final potential energy of the projectile 1 point
U p =M (9.8)(1)+(10)(9.8)(15) = 9.8M +1470

For having terms for the final kinetic energy of both the bucket load and the projectile 1 point
K,=(1/2)10v] and K, =(1/2)Mv, OR K,=(1/2)(1440)e’ and K, =(1/2)(4M)a’

For using one of the following relationships to write all expressions in terms of v, 1 point

v,=(1/6)v, OR
Substituting into the conservation of energy equation above and solving for v, :
29.4M +294=9.8M +1470+ 50 +(M /72) v}

v, =/(19.6M ~1176)/(5+(M/72))
(or \/(ZOM ~1200)/(5+(M/72)) using g =10m/s*)

2004 Free Response

Question 1
L —
Jz;qf
At 90° |
\ i
\\\ i
N .
Sl
~- m>
i
| L
I
:
I
! D
—_—
l Lake :
! X :
Mech. 1.

A rope of length L is attached to a support at point C. A person of mass m, sits on a ledge at position A holding
the other end of the rope so that it is horizontal and taut, as shown above. The person then drops off the ledge
and swings down on the rope toward position B on a lower ledge where an object of mass m, is at rest. At
position B the person grabs hold of the object and simultaneously lets go of the rope. The person and object then
land together in the lake at point D, which is a vertical distance L below position B. Air resistance and the mass
of the rope are negligible. Derive expressions for each of the following in terms of m,, m,, L, and g.

(b) The tension in the rope just before the collision with the object
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(b) 4 points

For any indication that there are two forces acting on the person
For an indication that the acceleration of the person is centripetal,

i.e. equal to vz/r or 02/1.

For a correct application of Newton’s second law that includes the two
forces (tension T and weight) and a non-zero acceleration

2
mv
T-mg-= 178
’
2
muv
T=-"L41mg

For substitution of the expression for v from part (a) and L for the radius

2gL
T=@+m1g =2mg +mg

T'=3mg
(d) The ratio of the kinetic energy of the person-object system before the collision to the kinetic energy after the

collision
(d) 2 points

For correct expressions for the kinetic energy before and after the collision, using
the answers to parts (a) and (c)

1 1
Kbefore = Emlvg = Eml (2gL) = mlgL
2
m
gL
(my +my)

2
1 1 m
Koper = 5('"1 + ) Ve = 5(”11 + mz)—m +]m v 2gL =
|+ my

For constructing the ratio K¢ /K, from valid expressions for kinetic energy, in

terms of the required quantities. The ratio does not need to be simplified, but if
it is the algebra needs to be correct.

By TR
K, ( mlsz ]

(my +m;)
K, _(m+m)
Ka m

(e) The total horizontal displacement x of the person from position A until the person and object land in the
water at point D.
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For a correct expression relating the distance fallen, L, to the time it takes to fall
from point B to the water:

_1 2
L= 58t
For indicating that the horizontal displacement from B to D is the answer to

part (c) multiplied by the time
Xgp = Vafter!
For correctly solving the first equation for # and substituting two quantities into

the second equation (this must yield an expression in terms of the required
given guantities)

t=2L]g
m 2m, L
Xpp = Vgpierl = (mdszJ\Q /g =———

Question 3

m +m,
For indicating that the total horizontal displacement from 4 to D is xpp|plus L
2myL
Xiot = XBD +L= y +lm2
_ (Bmy +my)L
T my +m,
fo— 17 —] ( Pivot
I o ]
L -

Mech. 3.

A uniform rod of mass M and length L is attached to a pivot of negligible friction as shown above. The pivot is
located at a distance % from the left end of the rod. Express all answers in terms of the given quantities and
fundamental constants.

(a) Calculate the rotational inertia of the rod about the pivot.

(b) The rod is then released from rest from the horizontal position shown above. Calculate the linear speed of
the bottom end of the rod when the rod passes through the vertical.

Tt

L
3

—

A Pivot

B A .

(c) The rod is brought to rest in the vertical position shown above and hangs freely. It is then displaced slightly
from this position. Calculate the period of oscillation as it swings.

Physics C Mechanics Page 172



Alternate Solution
For any statement of the parallel axis theorem

I=1, + mr?|, where r is the distance from the center of mass to the pivot point

For a correct value of the center of mass inertia (calculated or remembered)
1.2
Ly = 3 ML
For indicating that » = L/6
- L Ly
I= P ML+ M ( 6)

For thc correct answer
_mr
9

1

(b) 7 points

For any indication of conservation of energy

For correctly calculating the change in potential energy of the rod
(or the work done on it)

For example: AU = Mgh,,, = Mg (%)

For writing a conservation equation that includes a rotational kinetic energy
(regardless of whether the potential energy is correct)

l /X MgL

7 atlonlely™

For any indication that o is linear speed divided by a distance (regardless of

whether the correct distance is used)
Substituting and solving for v :

1( Mr? v2=MgL
2( 9 r 6

For the correct answer

_ o |8L
v—23

(c) 4 points

For an equation for the period of a physical pendulum

_ I
T= zn\j_mg = h
For substitution of the inertia from part (a)
For indicating that the distance d is the distance from the pivot to the center of

mass, i.e d=£—£’-=—L—

T 2 3 6
ML*/9
T=2n Mgl /6

For the correct answer

2L
Ti=2x 3g

(c) (continued)
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(c) (continued)

Alternate solution
For an equation relating the angular acceleration to the torque and inertia

g BO_E
= i =3

For substituting the inertia from part (a) and the torque as a function of 6
2 _3 o

d 29 _ Mg(L/26)sm0 o BB s

dt MI*/9 2L

For using the approximation sinf = 6

2

Taking 6 = ksinot, the second derivative is ae = —w’k sin ot

dt*

Substituting into the differential equation and solving for o :

N PRI T
o ksinot = 2Lksma)t

Using the relationship between 7'and @ :
T =2n/o
For the correct answer
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Free Response 2005-2007
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2005 Free Response

Question 3
| |
! I)
d M,

D ) [ p—

M | M,
Before Collision After Collision

TOP VIEWS
Mech. 3.

A system consists of a ball of mass M, and a uniform rod of mass M, and length d. The rod is attached to a
horizontal frictionless table by a pivot at point P and initially rotates at an angular speed  , as shown above

left. The rotational inertia of the rod about point P is %M d 2 The rod strikes the ball, which is initially at rest.

As a result of this collision, the rod is stopped and the ball moves in the direction shown above right. Express all

answers in terms of M, M,, », d, and fundamental constants.

(b) Derive an expression for the speed v of the ball after the collision.
(b) 4 points

For any indication of conservation of angular momentum
Lb - L.F‘

For the correct expression for L,

For substitution for L. consistent with part (a)

For the correct final expression for v

_ 1M
v—3M2dm

(c) Assuming that this collision is elastic, calculate the numerical value of the ratio M, /M, .
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(c) 4 points

For any indication of conservation of kinetic energy
No points were awarded for conservation of mechanical energy.

Kb = K’.
For the correct expressions for both kinetic energies
1 2 Y. 25
) Myv* = ) lo
M 21)2 = Io?
For correct substitutions for 7 and for v consistent with part (b)

2
1My _(l 2) 2
M2(3M2da)) = 3M,d’ |o

2
M, %(ﬂ) d’e’ = lMldza)2

M, 3
1M? 1
— L M
oM, 3!

For the correct final expression for the ratio
M,/M, =3 (3:1 was also acceptable)

ip
d | :l}
W,
o~ |

Ns

Before Collision

(d) A new ball with the same mass M as the rod is now placed a distance x from the pivot, as shown above.
Again assuming the collision is elastic, for what value of x will the rod stop moving after hitting the ball?
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For the correct equation forlconservation of angular momentum |
Mvx = %Mldzm
For solving this equation for v

b 1d®
3 x
For the correct equation for[conservation of kinetic energy ]
1 2_1,2
EM v = 51’ [
Mp? = (%Mldz)mz
2_1, 2
==d
v =3de
For the correct substitution of the above expression for v from momentum conservation

into the equation for conservation of kinetic energy

2 2
(1£0] - 1w

For the correct final answer
U
V3

2006 Free Response

Question 3

Mech 3.

A thin hoop of mass M, radius R, and rotational inertia MR® is released from rest from the top of the ramp of length
L above. The ramp makes an angle 6 with respect to a horizontal tabletop to which the ramp is fixed. The table is a
height H above the floor. Assume that the hoop rolls without slipping down the ramp and across the table. Express
all algebraic answers in terms of given quantities and fundamental constants.

(a) Derive an expression for the acceleration of the center of mass of the hoop as it rolls down the ramp.
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(a) 5 points

For use of Newton’s 2™ law in rotational form and the parallel axis theorem

and I = I,,, + MK

For a correct rotational inertia about the point of contact using the parallel axis theorem
I = MR* + MR* = 2MR?

For a correct torque about the point of contact
|ZT = RMgsin@

For a correct relationship between linear and angular acceleration for rolling without
slipping

a., = ;"

Substituting for Y.z, I, and a,,, into the rotational equation above

RMgsin@ = 2MR? Zen.

R
For the correct answer
a,, = Esinﬂ
_2

(d) Suppose that the hoop is now replaced by a disk having the same mass M and radius R. How will the distance
from the edge of the table to where the disk lands on the floor compare with the distance determined in part (c)
for the hoop?

Less than The same as Greater than
Briefly justify your response.
(d) 3 points

For checking the space next to “Greater than”

For a sufficiently detailed justification containing no incorrect statements. Such an answer
logically concludes, at a minimum, that the linear speed or velocity at the bottom of the
ramp is greater for the disk because the rotational inertia of the disk is less. It is not
necessary to state that the time of fall is the same.

One point was awarded for a minimal or partially correct answer.

No justification points were awarded if the space next to “Greater than” was not checked.

Examples of 2-point answers:

A disk will have smaller rotational inertia and will therefore have a greater rotational
velocity. This will lead to a greater translational velocity, and a greater distance x.

The rotational inertia is less than the hoop, causing greater acceleration and more final
speed at the end of the table.

The acceleration when / = MR? / 2 is !2{3 )gsin 8, so the disk will be moving faster at

the bottom of the ramp and will travel farther.
Examples of 1-point answers:

A disk has a larger rotational inertia, so it will have a greater kinetic energy and will
therefore land farther from the ramp.

The moment of inertia for the disk is smaller, thus its rotational velocity is bigger,
causing it to go further.

Less energy will be used to spin the disk than the hoop, and 7 of the disk is less than 7 of
the hoop.

2007 Free Response

Question 2

In March 1999 the Mars Global Surveyor (GS) entered its final orbit about Mars, sending data back to Earth.
Assume a circular orbit with a period of 1.18 x 10? minutes = 7.08 x 10° s and orbital speed of 3.40 x 10° m/s.

The mass of the GS is 930 kg and the radius of Mars is 3.43 x 10® m .

(e) In fact, the orbit the GS entered was slightly elliptical with its closest approach to Mars at 3.71 x 10° m
above the surface and its furthest distance at 4.36 x 10° m above the surface. If the speed of the GS at
closest approach is 3.40 x 10° m/s , calculate the speed at the furthest point of the orbit.

For a correct expression of conservation of angular momentum
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For a correct expression of conservation of angular momentum
mu,r; = m,r, or equivalent such as I,o, = I,w, or vy;r; = V1,

n R-+ R
ok =y e m
approaches, respectively, and R, is the radius of Mars
For explicit substitution of radii (not altitudes) into the equation or for the correct
numerical answer

vy where R~ and R are the distances of closest and farthest

5 5
v, = (3.40 % 10° m/s)3'71 x10” m # 34.3 x10° m

436%10° m 343 x10° m ‘\

v, = 3.34x10° m/s

Alternatively, if the longer approach using conservation of energy was taken, 1 point was
awarded for a correct statement of conservation of energy if explicitly written as
GmM GmM : ;s
%msml2 = ;71" - %msvz2 — ——="M and I point was awarded for the explicit
1 n

substitution of radii (not altitudes) or for a correct numerical answer.
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2008 Free Response

Question 1

Mech. 1.

A skier of mass M is skiing down a frictionless hill that makes an angle @ with the horizontal, as shown in the
diagram. The skier starts from rest at time 7 = 0 and is subject to a velocity-dependent drag force due to air
resistance of the form F = —bwv, where v is the velocity of the skier and b is a positive constant. Express all
algebraic answers in terms of M, b, @, and fundamental constants.

(d) Solve the differential equation in part (b) to determine the velocity of the skier as a function of time,

d

showing all your steps.

3 points

For taking the differential equation from part (b) and correctly separating the variables|

in preparation for integration (definite or indefinite integral)

dv _ o
M 5" Mgsin6 — bv
dv _dt

Mgsin —bv —_ M
For correct integration of both sides of equation
For example, using a method involving an indefinite integral
Letting u = Mgsin@ — bv, so du = —b dv
ldu_dr

b u M
o

b
lnu——Mt+1nC

u = Ce /M
L
Usingv=0att =0 =

Mgsin6 = C

Mgsin6 — bv = Mgsinf e oM

—bv = Mgsin6 e Mgsiné

For a correct final expression for v(t)

v = (Mgsin6/b)(1- /™)

Question 3
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Mech. 3.
In an experiment to determine the spring constant of an elastic cord of length 0.60 m, a student hangs the cord

from a rod as represented above and then attaches a variety of weights to the cord. For each weight, the student
allows the weight to hang in equilibrium and then measures the entire length of the cord. The data are recorded

in the table below:

The student now attaches an object of unknown mass m to the cord and holds the object adjacent to the point at
which the top of the cord is tied to the rod, as represented above. When the object is released from rest, it falls
1.5 m before stopping and turning around. Assume that air resistance is negligible.

iii. Calculate the maximum speed of the object.

(iii) 2 points

1

1
MEYymax = Ekx2 + Emvmm‘2

1
FMUy, " = Mgy, o — ikx2
vm2 = 28Ysmax — ;xz
For correct substitution of values previously obtained (especially those from part (d)(i))

2 _ 2 _ (25 N/m) 2
U = 208 /5087 m) — (St (0,27 m)

Vpae? = 14.4(m/s)?
Vpax = 3.8 m/s

2009 Free Response

Question 1

Mech. 1.

A 3.0 kg object is moving along the x-axis in a region where its potential energy as a function of x is given

as U(x) = 4.0x>, where U is in joules and x is in meters. When the object passes the point x = —0.50 m, its
velocity is +2.0 m/s. All forces acting on the object are conservative.
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For a minimum of one complete cycle of a sine curve starting at the origin on the x 1 point
versus  graph

For a minimum of one complete cycle of a cosine squared curve starting at the 1 point
maximum value on the K versus ¢ graph

For maxima and minima of the x graph matching the zeroes of the K graph 1 point

Question 2
i
l :

Mech. 2.

You are given a long, thin, rectangular bar of known mass M and length £ with a pivot attached to one end.
The bar has a nonuniform mass density, and the center of mass is located a known distance x from the end with
the pivot. You are to determine the rotational inertia /, of the bar about the pivot by suspending the bar from the
pivot, as shown above, and allowing it to swing. Express all algebraic answers in terms of /, , the given
quantities, and fundamental constants.

(@
i. By applying the appropriate equation of motion to the bar, write the differential equation for the angle 6
the bar makes with the vertical.

ii. By applying the small-angle approximation to your differential equation, calculate the period of the bar’s
motion.
(b) Describe the experimental procedure you would use to make the additional measurements needed to
determine /. Include how you would use your measurements to obtain /, and how you would minimize
experimental error.

(c) Now suppose that you were not given the location of the center of mass of the bar. Describe an experimental
procedure that you could use to determine it, including the equipment that you would need.

(a)
(i) 4 points

For the rotational form of Newton’s second law
7 =la

For a correct expression of the magnitude of torque
For correctly labeling the torque as negative
—Moxsinf = .o

Physics C Mechanics Page 182



(2)
(i) 4 points

For the rotational form of Newton’s second law
7 =la

For a correct expression of the magnitude of torque
For correctly labeling the torque as negative

—Mgxsinb = I,a
For expressing a as the second time derivative of 6
—Mgxsin6 = I, (ifJ

dt

(ii) 4 points

For the appropriate small angle approximation
For small angles, sinf = 0

_ . (d%

2
(%] + (_ng )9 =0
dt 1y
For recognizing that the coefficient of 6 is o’
2 _ Mgx
o = A

For the relationship between T and @ (this point was awarded for the equation alone or

with relevant work, but NOT as part of multiple random equations)
2n
T==—
[0}
For the final expression for 7 (this point was awarded for the final correct answer with
no supporting work)

’1
T =2r.|—b_
”ng
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(b) 5 points

For an experimental procedure that includes:
A valid approach
How the variables will be measured or calculated, including equipment to be used
How these variables will be used to determine 1,

How to minimize error

Example 1: Displace the bar by a small angle and release it to gscillate. To reduce
errors, time 10 complete oscillations with a stopwatch. Calculate the average value
of the time for 10 oscillations and then divide by 10 to determine the period T .

Calculate I, from T = 27T, /Mgx , using known values of M and x.

Example 2: Locate a photogate at the bottom of the bar’s swing; set it to measure the
amount of time the photogate is blocked. While the bar is hanging from its pivot
point, displace the bar to a horizontal position and measure the height of the center
of mass above the position of the photogate with a meter stick. Allow the bar to
swing through the photogate and obtain the time the gate is blocked. To reduce
errors, repeat this procedure five times and obtain an average time. Measure the
width of the bar and use this and the time to determine the speed of the bar at the
bottom of the swing, v = width/time . Calculate the angular speed of the bar from

o = v/£. Apply conservation of energy to the bar: Mgh = I sz / 2. Calculate I,

from Ip = 2Mgh/ o, using known values of M, measured value of 4, and
calculated value of @ .

(c) 2 points

For a valid procedure to locate the center of mass

For specifying the equipment to be used

Example 1: Place the bar on top of a fulcrum, e.g., the top of a prism. Adjust the
position of the bar until it is balanced horizontally. The point at which this occurs is
the center of mass.

Example 2: Place the bar near the edge of a desk or table. Slowly push the bar so it
hangs off the table until it is just ready to tip. The point at which this occurs is the
center of mass.

2010 Free Response

Question 3
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A skier of mass m will be pulled up a hill by a rope, as shown above. The magnitude of the acceleration of the
skier as a function of time ¢ can be modeled by the equations

Mech. 3.

a= amsin”Tt 0O<t<T)
=0 27),
where a_,, and T are constants. The hill is inclined at an angle 6 above the horizontal, and friction between the
skis and the snow is negligible. Express your answers in terms of given quantities and fundamental constants.

(a) Derive an expression for the velocity of the skier as a function of time during the acceleration. Assume the
skier starts from rest.

(b) Derive an expression for the work done by the net force on the skier from rest until terminal speed is reached.
(c) Determine the magnitude of the force exerted by the rope on the skier at terminal speed.
(d) Derive an expression for the total impulse imparted to the skier during the acceleration.

(e) Suppose that the magnitude of the acceleration is instead modeled as a = a,,me'”’/ 2T forall t > 0, where
max @nd 7" are the same as in the original model. On the axes below, sketch the graphs of the force exerted

by the rope on the skier for the two models, from ¢ = 0 to atime ¢ > 7. Label the original model F; and the
new model F,.

-~

(a) 4 points
For a correct relationship between velocity and acceleration
1
=[attyar OR v=[aw)dt OR ‘;—:’ =a
0

For a correct substitution of the expression for acceleration into the integral relationship

v= J(amax sinz—t)dr OR v = J(amx sm--—) d (0<t<T)
T
For a correct evaluation of the integral, with an integration constant or correct limits

v=—am“"Toos +C OR v=
T T

t
Mcosﬂ‘ 0<t<T)

For a correct determination of the inteEation constant or evaluation between the limits
v(0) = === Gl c=0 = C= m;"T OR u=—a“?"‘r(cos”—:—l] (0<r<T)

= (l—cosT) (0<t<T)

(b) 2 points

For indicating that the work done by the net force is equal to the change in kinetic
energy

_1 2
W=7 (Uf ]
For a correct substitution of velocity from (a) into the work-energy expression

. _ G d _2a,,T
vy = vp = 52 (1 - cosr) ==

a

maxT’ (1-cos0)=0

2
W = lm(M)
2 b4

2ma?, T*

‘b‘»=t)0=

W:
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(d) 2 points

J=[Far

For a correct substitution of force into the impulse-time relationship

T
J =My, [sin Tt
0

T

—COS
T 0

For evaluation at the limits of integration

7 =mamxT( m)
n

ma_., T
J =—22" [_cos+cos0]
J= 2ma, T
T
(e) 6 points

F, = mg sin@ + ma,,, sin[”%] (0<t<T)
F, = mg sin + ma,, e ™"

F
]

R S P

\ F-
-
~ --.__( .
mg sin 61 _— e .

\
|
{
: t
T
For a graph labeled F:
for starting at mg sin@ 1 point
for half a sine wave with a maximum at ~ T/2 1 point
for returning to original starting pointat ¢t = T 1 point
for a horizontal line at the original starting point for t > T 1 point
For a graph labeled F, :
for starting on the vertical axis at a point above the starting point of F| (if there is 1 point
no F; graph, this point was awarded if the F, graph starts above mg sinf)
for an exponential decay graph 1 point
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2011 Free Response

Question 1
Ul’
[ J=>——
Launching - Projectile
Device
Mech. 1.

A projectile is fired horizontally from a launching device, exiting with a speed v, . While the projectile is in the
launching device, the impulse imparted to it is J,,, and the average force onitis F,,, . Assume the force becomes
zero just as the projectile reaches the end of the launching device. Express your answers to parts (a) and (b) in terms
of v,, J,, F,,, and fundamental constants, as appropriate.

(b) Determine an expression for the mass of the projectile.

For the correct relationship between impulse and the change in momentum
J = Ap = mAv

J, =m(v, = 0)=myv,

For the correct answer

m=1J,/v,

The projectile is fired horizontally into a block of wood that is clamped to a tabletop so that it cannot move. The
projectile travels a distance d into the block before it stops. Express all algebraic answers to the following in terms

of d and the given quantities previously indicated, as appropriate.

(c) Derive an expression for the work done in stopping the projectile.
(d) Derive an expression for the average force F, exerted on the projectile as it comes to rest in the block.
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(c) 3 points

For using the work-energy theorem

W =AK
1
Iw =0- Emuﬁ
For substituting the expression for m from part (b)
w = —1"p}2
= — U,

2

1
W= —E.]p Ux

For an indication that the work done is negative

Alternate Solution
Using kinematics and Newton s second law to determine the average net force

2 _ .2 _
vy — v =2a,,.d

-v? = 2a,,.d
v;
Quye = _E
Favg = 'maavg
2
v
Fner =m _ﬁ
For substituting this expression for the force into the equation for work
2
= [Fegr = S
W= [Fedr = F,d=m 2 |d
2
—
For substituting the expression for m from part (b)
2
we=_Jov
v, 2
= _EJP v,

For an indication that the work done is negative
Now a new projectile and block are used, identical to the first ones, but the block is not clamped to the table. The
projectile is again fired into the block of wood and travels a new distance d, into the block while the block slides
across the table a short distance D. Assume the following: the projectile enters the block with speed v, , the average
force F, between the projectile and the block has the same value as determined in part (d), the average force of

friction between the table and the block is f;-, and the collision is instantaneous so the frictional force is negligible
during the collision.
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® 2 points

For a correct application of conservation of momentum to the block-projectile collision
mv, = (M +m)V

m

V= ey

The kinetic energy of the block/projectile system immediately after the collision is equal
to the work done by friction in stopping it.

%(M +m)V2 = £,D

For substituting for V'

2
1 m _
E(M +m) (m%) = D
210

1 mv,
2(M+m) D

m_ |12l
M+m (2'"”*) = /D
From part (c) the kinetic energy factor in the equation above is equal to the total work

done. From part (d) that work is equal to Fd .

m —
Mam =D
Using the expression Fyd, = F,d — frD from part (e) to substitute for f7-D

—™_Fd=Fd-Fd,

M+m
m = -—
M+md_d d,
N o m
d,,—d(l M+m)

2012 Free Response

Question 2

You are to perform an experiment investigating the conservation of mechanical energy involving a
transformation from initial gravitational potential energy to translational kinetic energy.

(a) You are given the equipment listed below, all the supports required to hold the equipment, and a lab table.
On the list below, indicate each piece of equipment you would use by checking the line next to each item.

Track Meterstick Set of objects of different masses
Cart Electronic balance Lightweight low-friction pulley
__ String Stopwatch

(b) Outline a procedure for performing the experiment. Include a diagram of your experimental setup. Label the

equipment in your diagram. Also include a description of the measurements you would make and a symbol
for each measurement.

(c) Give a detailed account of the calculations of gravitational potential energy and translational kinetic energy
both before and after the transformation, in terms of the quantities measured in part (b).

(d) After your first trial, your calculations show that the energy increased during the experiment. Assuming you
made no mathematical errors, give a reasonable explanation for this result.

(e) On all other trials, your calculations show that the energy decreased during the experiment. Assuming you
made no mathematical errors, give a reasonable physical explanation for the fact that the average energy you
determined decreased. Include references to conservative and nonconservative forces, as appropriate.
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(a) 1 point

For choosing the meterstick and stopwatch, regardless of what else is checked

(b) 4 points

For a procedure that indicates the height needed to calculate gravitational potential
energy
For a procedure that indicates distance and time measurements to calculate yelocity

For a diagram and a clear indication of the height measurement

For a diagram and a clear indication of the distance measurement

Example #1

m,, H
}h

o Use the electronic balance to determine the mass m, of the cart and the mass m,

of one object.
o Attach the object to the cart using the string.

o Place the cart on the track and hang the object so that the string passes through the

pulley.

o Allow the object to fall a distance 4 from its initial position to the floor, using the

meterstick to measure the distance fallen.

o Use the stopwatch to measure the time ¢ it takes the object to fall the distance 4.

* Measure the height H of the table.
(b) continued

Example #2

Place the cart at the top of the incline, and release from rest.

incline.
e Measure the distance d that the cart moves down the incline.
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Use the electronic balance to determine the mass m of the cart.
Set the track at an incline, and measure the height 4 of the incline.

1 point

1 point

1 point
1 point
1 point

Using the stopwatch, measure the time ¢ it takes for the cart to move down the



(c) 6 points

For a clear indication of the finitial potential energly of the system 1 point
For a clear indication of the ffinal potential energyjof the system 1 point
For a clear indication of the finitial kinetic energy pf the system 1 point
For a clear indication of the final kinetic energy of the system 1 point
For a correct calculation of the nstantaneous velocity pf the system 2 points

Example #1

Initial gravitational potential energy: Uyq = m.gH + mygh
Final gravitational potential energy: U, = m gH
Initial kinetic energy: K, = 0

Final kinetic energy: K ; = £ § m, + mb)u}

5(

Acceleration is constant, so d = %(vo - vf)l , where d is the distance along the track.
_2h

Df — T

(c) continued

Example #2
Initial gravitational potential energy: U,, = mgh
Final gravitational potential energy U, = 0
Initial kinetic energy K, = 0

1

Final kinetic energy K = Emv}

Acceleration is constant, so d = %(UO + vf)t.
_ 2

'Uf = T

(d) 2 points

For identifying a reasonable cause for the increase in energy

For a reasonable explanation related to the cause identified

Example
An unintentional push was applied to the cart, thus increasing the initial energy.

(e) 2 points

For identifying a reasonable cause for the decrease in energy related to the
nonconservative forces acting on the system

For a reasonable explanation related to the cause identified

Example
Friction acting on the object decreases the speed, thereby decreasing the energy.

Question 3
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Sliding Only Sliding and Rotating Rotating with No Sliding

PR o
el \‘ el \\
Yo ! \ ! \
_'—’ _H
' '
’ ’
S g N P
S Pid So -
le |
- L -

fe———No Friction———=—— Friction with Coefficient 4 —=
=0
Mech. 3.

A ring of mass M, radius R, and rotational inertia MR? is initially sliding on a frictionless surface at constant
velocity v, to the right, as shown above. At time ¢ = 0 it encounters a surface with coefficient of friction z and
begins sliding and rotating. After traveling a distance L, the ring begins rolling without sliding. Express all
answers to the following in terms of M, R, v, i, and fundamental constants, as appropriate.

(c) Derive an expression for the time it takes the ring to travel the distance L.

(d) Derive an expression for the magnitude of the velocity of the ring immediately after it has traveled the
distance L.

(e) Derive an expression for the distance L.

(c) 2 points

| For indicating that the linear speed is equal to Rw when the slipping stops
vy, — u8t =R Lt
0 R
For the correct answer

—_—
2ug

(d) 1 point

For substituting the time found in part (c) into a correct kinematics equation

Yo
V=t~ HE G

v =1,/2
2013 Free Response

Question 3
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Note: Figure not drawn to scale.

Mech 3.

A disk of mass M = 2.0 kg and radius R = 0.10 m is supported by a rope of negligible mass, as shown above. The
rope is attached to the ceiling at one end and passes under the disk. The other end of the rope is pulled upward

with a force F, . The rotational inertia of the disk around its center is MR’ jo 3

(a) Calculate the magnitude of the force F, necessary to hold the disk at rest.

Attime ¢ =0, the force F, is increased to 12 N, causing the disk to accelerate upward. The rope does not slip on
the disk as the disk rotates.

(b) Calculate the linear acceleration of the disk.

(c) Calculate the angular speed of the disk at 7= 3.0 s.

(d) Calculate the increase in total mechanical energy of the disk fromr=0tor=3.0s.

(e) The disk is replaced by a hoop of the same mass and radius. Indicate whether the linear acceleration of the
hoop is greater than, less than, or the same as the linear acceleration of the disk.

__Greaterthan __Lessthan __ The same as
Justify your answer.

(a) 2 points

For a correct expression indicating that F,,, = 0 1 point
2F, -Mg=0

F, = Mg/2

Fy = (20kg)(9.8 m/s?) /2

For a correct answer 1 point
F, =98N (or10Nusing g =10 m/sz)

(b) 5 points

For a correct expression of Newton's second law for translational motion 1point

F,, =Ma

|F; + T — Mg = Ma (equation 1) |

For using a correct expression of torque in Newton's second law for rotational 1 point
motion

t=1Ia

F\R-TR=(MR*/2)a or F,R-TR=1Ia

For substituting for the angular acceleration in terms of the linear acceleration 1 point
(a = a/R)

F,R - TR = (MR?/2)(a/R)
Iji — T = Ma/2 (equation Zi

For combining equations 1 and 2 to solve for the linear acceleration 1 point
Add the two equations

2F, - Mg = (3/2) Ma

a = (2/3)((2F,/M) - g)

a =(2/3)((2(12N)/2.0 kg) - 9.8 m/s?)

For a correct answer, with units 1 point
a=147 m/s2 (1.33 m/s2 using g =10 m/sz)
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(c) 2 points

For using the relationship between linear and angular acceleration in the equation
for angular speed

o=wy+at and a =a/R

wy =0,50 o = at/R

o = (147 m/s*)(3.05) /(0.10 m)

For an answer with units, consistent with previous work
® = 44 rad/s (40 rad/s using g = 10 m/s?)

(d) 4 points

Express the change in mechanical energy as the sum of the change in potential
energy and the change in kinetic energy

AE = AU, + AK

For a correct expression for the change in kinetic energy including both
translational and rotational kinetic energy

AK = %M(v2 = vg) + %I(m2 = o)ﬁ)

For a correct expression for the change in potential energy, including a correct
i ight h in terms of the time

1 point

1
AU, = Mgh = Mg(Eatz)

v, and @, are zero, so AE = Mg(%atz) + %mu2 + 1102

2
For simplifying the expression using the relationship between linear velocity and 1 point
angular velocity
AE = Mg(lar2 + L M(Ra)? + l(MRZ/z)m2
2 2 2
AE = %Mgatz + %Mkmz
For correctly substituting given values and answers from previous parts into a 1 point

correct expression
AE = %(2.0 kg)(9.8 m/s?)(1.47 m/s?)(3.05)? + %(2.0 kg)(0.10 m)? (44 rad/s)?

AE =159 (144 J using g = 10 m/s?)

(e) 2 points
For selecting “Less than” 1 point
For a correct justification 1 point
Example

The rotational inertia of a hoop is greater than that of a solid disk of the same
mass and radius, therefore the acceleration of the hoop would be less.
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2014 Free Response

Question 1

Photogates
1 2 3 -+ 5

0 10 20 30 40 50 60 70 80 90 100 110 120¢cm

Mech. 1.

In an experiment, a student wishes to use a spring to accelerate a cart along a horizontal, level track. The spring
is attached to the left end of the track, as shown in the figure above, and produces a nonlinear restoring force of

magnitude F, = As® + Bs, where s is the distance the spring is compressed, in meters. A measuring tape,

marked in centimeters, is attached to the side of the track. The student places five photogates on the track at the
locations shown.

(d)
i. Compare the speed of the cart measured by photogate 1 to the predicted value of the speed of the cart

just after it loses contact with the spring. List a physical source of error that could account for the
difference.

ii. From the measured speed values of the cart as it rolls down the track, give a physical explanation for
any trend you observe.

(d) i. 2 points

For stating that the measured initial speed of the cart is greater than the predicted
value

For correctly identifying a source of error regarding the initial speed of the cart

Examples:

The student compressed the spring more than was determined. This would lead to
more potential energy in the spring and greater kinetic energy for the cart. The

cart would therefore move faster than predicted.
The table is not level, sloping downward would result in a greater measured speed.
The constants 4 and B for the spring are not accurate. The true values are larger
than what is given. This would lead to smaller predicted potential energy of
the spring and a smaller predicted value for the kinetic energy of the cart.
Therefore, the cart would move faster than predicted

ii. 2 points

For correctly identifying the trend

For a correct physical explanation for the cart slowing down

Examples:

Friction in the axles and air resistance against the cart are slowing it down.

The track is not perfectlv level and the cart is going uphill. This is slowing down

the cart.

Question 2
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Rough Wall

Smooth Ramp

Iz C

Side View
Top View

Mech. 2.

A small block of mass m starts from rest at the top of a frictionless ramp, which is at a height & above a
horizontal tabletop, as shown in the side view above. The block slides down the smooth ramp and reaches
point P with a speed v, . After the block reaches point P at the bottom of the ramp, it slides on the tabletop

guided by a circular vertical wall with radius R, as shown in the top view. The tabletop has negligible friction,
and the coefficient of kinetic friction between the block and the circular wall is x.

(e) Derive an expression for v(t), the speed of the block as a function of time ¢ after passing point P on the
track.

(e) 3 points

For substituting dv/dt for a into the answer from part (d), or substituting dv/dt for
a and the friction force for F,,, into Newton's second law

dv _ _pv’ dv _ _
#-"r T "a-h
For including the negative sign

Substituting for F, s produces the same relationship as the first equation above.
For separation of variables and using correct limits

1 73
—dv =-5dt

v? R

v L _ l_ u
Ivo v2 gh= jo o

Integrate the equation to solve forv .

L[4

1_1_m
v vy R
__ Ry vy
VS R+uvy O T+ pug/R
Question 3
(o 0,
Yy
m/20 k
Side View
Top View
Mech. 3.

A large circular disk of mass m and radius R is initially stationary on a horizontal icy surface. A person of mass
m/2 stands on the edge of the disk. Without slipping on the disk, the person throws a large stone of mass m/20
horizontally at initial speed v, from a height 4 above the ice in a radial direction, as shown in the figures above.
The coefficient of friction between the disk and the ice is z. All velocities are measured relative to the ground.
The time it takes to throw the stone is negligible. Express all algebraic answers in terms of m, R, v, h, , and
fundamental constants, as appropriate.

(b) Assuming that the disk is free to slide on the ice, derive an expression for the speed of the disk and person
immediately after the stone is thrown.
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(b) 3 points

For a statement of Fonservation of momentun} or Newton's third law

pi = Py

For substituting the momentum of the stone into a correct expression for
conservation of momentum

For substituting the momentum of the person-disk system into a correct
expression for conservation of momentum

0 = muy, + myv,

0= (%)(1’0) + (m + -'25)1)

3mv=-Lmy
2 2072
v=-

—,

300

Note: Since the question asks for speed, the negative sign is not needed. There is
no penalty for including it.

Yy

Top View

The person now stands on a similar disk of mass m and radius R that has a fixed pole through its center so that it
can only rotate on the ice. The person throws the same stone horizontally in a tangential direction at initial speed

g, as shown in the figure above. The rotational inertia of the disk is mR* /2.
(d) Derive an expression for the angular speed @ of the disk immediately after the stone is thrown.
(d) 4 points

For a statement of g:onservation of total angular momentum ]

L,- = L f

L = mro for linear motion

L = I for rotation

For substituting the angular momentum of the stone into a correct expression of
conservation of angular momentum

For substituting the angular momentum of the person into a correct expression of
conservation of angular momentum

For substituting the angular momentum of the disk into a correct expression of
conservation of an momentum

0 =mgu, + 10, + 1pep

= (2 Ry, | =[R2
0—(20Rv0) ( 2 w+2RwJ

2
(;"—ORvo) = (%m + ﬂRzm) = mR’o

2
m
mR?
_ Y
®=20R

2015 Free Response

Question 1
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Mech.1.

A block of mass m is projected up from the bottom of an inclined ramp with an initial velocity of magnitude v; .

The ramp has negligible friction and makes an angle 6 with the horizontal. A motion sensor aimed down the
ramp is mounted at the top of the incline so that the positive direction is down the ramp. The block starts a
distance D from the motion sensor, as shown above. The block slides partway up the ramp, stops before reaching
the sensor, and then slides back down.

(b) Derive an expression for the position x,,;, of the block when it is closest to the motion sensor. Express your

answer in terms of m, D, v, , 8, and physical constants, as appropriate.
(b) 2 points

Using an equation that can be solved for the closest position to the sensor
v; =v{ +2ad

For substitution into a corjest-kinematic-aquatien-censistent with part (a)
For setting v, to zero andjusing D for the initial position
0= v§ +2(gsiné)[x — D)

;

~ 2gsin@

x=D

(c) On the axes provided below, sketch graphs of position x, velocity v, and acceleration a as functions of
time ¢ for the motion of the block while it goes up and back down the ramp. Explicitly label any intercepts,
asymptotes, maxima, or minima with numerical values or algebraic expressions, as appropriate.

(c) 4 points

v

For a position graph that is a parabola that does not cross the t-axis and has a 1 point
vertex that does not touch the t-axis
For a velocity graph that is a straight line and crosses the t-axis 1 point
For an acceleration graph that is a hori 1 point
For a set of graphs that are consistent with €acli Otlier 1 point
Question 3
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Pivot Point

Mech.3.
A uniform, thin rod of length L and mass M is allowed to pivot about its end, as shown in the figure above.

(a) Using integral calculus, derive the rotational inertia for the rod around its end to show that it is M2 / 3.

T 1A

(a) 3 points

Writing an integral to derive the rotational inertia of the rod

I= Irzdm

For a correct expression for dm

A=M/L, M = AL, dm = Adr

For using the correct limits of integration or a correct constant of integration

r=L
I= j Artdr
r=0

For correctly evaluating the integral above, leading to the answer MI? / 3

=L
I= [MTSL(; =34 -0)= %{%)(1}) = M’

(b) Derive an expression for the velocity of the free end of the rod at position B. Express your answer in terms
of M, L, and physical constants, as appropriate.

(b) 4 points

For using any expression of conservation of energy

For a correct energy expression relating gravitational potential energy to rotational
kinetic energy

1
mgh, = EI&J%

For correctly substituting L/2 for the change in height

Mg(L)2) = %(% flﬂ}’]ao2

For using (v = r@] with r = L to solve for the velocity of the end of the rod

MgL _1,.2(v\
2 GML (L]

v =43gL

ii. Describe two ways in which the effects of air resistance could be reduced.
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For one example that directly decreases the effect of air resistance

For another example that directly decreases the effect of air resistance
Some examples include:

Do the experiment in a vacuum

Use shorter rod lengths

Use more massive (or denser) rods

Use a more aerodynamic shape for the rods

2016 Free Response

Question 2

Vo
2M -— M

0

Mech.2.

A block of mass 2M rests on a horizontal, frictionless table and is attached to a relaxed spring, as shown in the
figure above. The spring is nonlinear and exerts a force F(x) = —Bx>, where B is a positive constant and x is

the displacement from equilibrium for the spring. A block of mass 3M and initial speed v;, is moving to the left
as shown.

(d) Derive an expression for the maximum distance D that the spring is compressed.

(d)

4 points

For a correct expression of the conservation of energy

AK&yslcm + AU&)‘.nll:m =0
Ky = U
For attempting to integrate the spring force equation
9 2 _ .\"_-_ 3
EM\“ = I—‘] Bx"dx
9 2 N 3
oM = [ Bx'dx
l'|

For using the correct limits of integration or an appropriate constant of integration
D
Mg = [ | Bldx

9 . > [Bc*]
Zom: =2
10" [4]

0
For an answer consistent with the speed from (b) or the kinetic energy from part (c)

i’mmf,
b=\"3s

ii. Which of the following correctly describes the magnitude of the net force on each of the two blocks
when the spring is at maximum compression?

The magnitude of the net force is greater on the block of mass 2M.
IThe magnitude of the net force is greater on the block of mass 3M. ]

The magnitude of the net force on each block has the same nonzero value.

The magnitude of the net force on each block is zero.
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(e)

il

2 points

The magnitude of the net force is greater on the block of mass 3M.

If the incorrect selection is made, no points are earned for the justification.

For an indication that both blocks will have the same acceleration

For a correct justification for why the net force is greater on the block of mass 3M

Example:

Because the blocks stick together, both blocks must have the same acceleration.
Because the block of mass 3M has more mass, the net force on it must be
greater than the net force on the block of mass 2M.
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